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• schedule
• 5/27 (Wed) 2nd, 3rd, 4th periods
• 6/5 (Fri) 2nd, 3rd, 4th, 5th periods
• 6/10 (Wed) 2nd, 3rd, 4th periods
• 6/12 (Fri) 2nd, 3rd, 4th periods

• use both blackboard and slides (slides are uploaded to UTOL)

• questions are very much welcome, please interrupt me at any time!



Reference
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• M. Oguri, “Gravitational lensing” (in 
Japanese), Asakura Publishing Co.
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1. Introduction



Standard model of cosmology
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• Standard model of cosmology assumes dark matter and 
dark energy, and consistently explains many different 
observations 

   − cosmic background radiation (CMB)
   − Type Ia supernova
   − galaxy clustering
   − gravitational lensing
   − …

(ESA/Planck)

dark matter

dark energy



Gravitational lensing
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• predicted by general relativity

• deflection of light ray path due to density inhomogeneity

• multiple images, distortion of images, magnification, etc.

observation

light path

source
(original object)lens

(dark matter, BH, …)



Gravitational lensing in Newtonian gravity
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mass M

speed of 
light c

deflection
angle

θ

z

b

b2 + z2

⃗F ⊥

⃗F

equation of motion

force perpendicular
to propagation direction

m ⃗a = ⃗F

⃗F ⊥ =
GMmb

(b2 + z2)3/2

θ ≃
v⊥

c
≃

1
c2 ∫

∞

−∞
a⊥dz

=
GMb

c2 ∫
∞

−∞

1
(b2 + z2)3/2

dz =
2GM
c2b

• is light path really deflected? ( ?)m = 0

mass m



Gravitational lensing in general relativity
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• unambiguously calculated from geodesic equation

d2xμ

dλ2
+ Γμ

αβ
dxα

dλ
dxβ

dλ
= 0

θ =
4GM
c2b

= 1.74′￼′￼( M
M⊙ ) ( b

R⊙ )
−1

• deflection angle factor of 2 larger than Newtonian case

when pass through the surface of Sun



9

Gravitational lensing in general relativity
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Arthur Eddington 
(Wikipedia)

• observation of deflection 
angle in 1919 solar eclipse

     − 1.61"±0.40" @Principe
     − 1.98"±0.16" @Sobal

general relativity is correct!

http://www.astro.caltech.edu/~rjm/Principe/1919eclipse.php


Inconvenient truth?
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e.g., Cole, astro-ph/0102462

• Sobal result is based on a backup 4 inch telescope as main 10 
inch telescope data was in trouble

• 10 inch data indicates 0.93", closer to Newtonian value

• Principe data was not so accurate as weather was not good

• not clear if data was good enough to conclude that general 
relativity is correct



Recent measurement

11Titov+ A&A 618(2018)A8

• deflection angle is tested with accuracy of 10−4  from observations 
of radio sources behind Sun



Example of gravitational lensing (I)

12

H
ubble/ESA

/N
A

SA

Q0957+561

first strong gravitational lensing 
reported in 1979

double images of quasar

Walsh+ Nature 279(1979)381



Example of gravitational lensing (I)
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H
ubble/ESA

/N
A

SA

Q0957+561

first strong gravitational lensing 
reported in 1979

double images of quasar

Walsh+ Nature 279(1979)381

©          Nature Publishing Group1979

Walsh+ Nature 279(1979)381



Example of gravitational lensing (II)
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SDSS J1004

large-separation gravitationally 
lensed quasar produced by cluster

quintuple images of quasar ESA
/N

A
SA

/K
. Sharon/E. O

fek

Inada, MO+ Nature, 426, 810 (2003)



Example of gravitational lensing (III)
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SMACS J0723

one of first targets of James Webb 
Space Telescope (JWST)

image released in 2022

many lensed arcs behind cluster N
A

SA
/ESA

/C
SA

/ST
ScI



Applications of strong gravitational lensing
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• strong gravitational lensing produce multiple images and high 
magnifications

• representative applications
   − Hubble constant measurement with time delays
   − small-scale dark matter distribution with flux ratios and 
       shapes of multiple images
   − distant objects with help of lensing magnifications



Hubble constant (H0) problem

17

>5σ！

MO Butsuri 78(2023)630

distance ladder
combine various distance 
indicators such as Cepheid
and Type Ia supernovae

CMB
derive from observed CMB 
temperature fluctuation 
pattern assuming standard 
cosmology

(←SH0ES)
(←Planck)



Time delay
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• different arrival time between multiple images (months or years)

• can be observed if source is time-variable object such as quasar 
and supernova

source

lens object

observer

simultaneously 
emittedarrive with 

time delay

small H0 → large Universe → large time delay　



Time delay in Q0957+561
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– 26 –

Fig. 1.— The 1995 and 1996 g and r band light curves (with 1σ error bars) for images A

(filled points) and B (open points) of the gravitationally lensed quasar 0957+561. The sharp

event observed at the beginning of the 1995 season (December 94–January 95) in the g light

curve of the leading (A) image is marked with a horizontal bar. Based on previously reported

time delays in this system, two predictions for the 1996 B light curve were presented in Paper

I; they are also marked (February and June 96). The data provide compelling evidence in

favor of the shorter delay, thus resolving a long-standing controversy.

Kundic+ ApJ 482(1997)75

H
ubble/ESA

/N
A

SA

A

B

→ H0 = 85+14
−13km/s/Mpc

Fadely+ ApJ 711(2010)246



Supernova Refsdal

20Kelly+ (incl. MO) ApJ 948(2023)93

• quadruple images S1-S4 
discovered in 2014

• appearance of new image 
SX in 2015 predicted

• image SX discovered as 
predicted



Hubble constant with Refsdal
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Kelly, Rodney, Treu, MO+ Science 380(2023)abh1322



Distant objects with help of magnification
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N
A

SA
 

• huge progress thanks to James Webb Space Telescope (JWST)

launched in 2021 Dec



Example of magnified distant galaxy

23Williams+ (incl. MO) Sience 380(2023)416

G1

G2

G3

10''

G

>

Fig. 1: Color-Composite Image of Part of RX J2129 JWST + HST color-composite im-
age of galaxy cluster RX J2129, with three images of the z = 9.51 galaxy circled in green.
We observed image G2 with NIRSpec. Red: JWST F277W+F356W+F444W, Green: JWST
F115W+F150W+F200W, Blue: HST ACS F606W + F814W. The broad blue and green bands
are diffraction spikes from foreground stars. The yellow diamond is an artefact caused by a chip
gap in the HST ACS camera. The individual red, green, and blue images are shown in Figures
S11, S12, and S13.

4

• triple image of galaxy at z=9.51
• spectroscopy thanks to ~20 magnification
• strong O lines, very compact



Internal structure of a distant galaxy

24
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Fig. 1: The Cosmic Gems arc in a JWST color-composite. The filter combi-
nation shows the rest-frame UV, blue optical wavelengths (1200–2800 Å). The arc is
extended over 5→→. A foreground galaxy at redshift zphot = 2.6 is visible above and to
the right. The field of view is rotated North up. Top right: A zoom inset of the center
of the arc where the brightest star clusters are located highlighted by the white square
on the left image. Two mirror images are observed due to gravitational lensing. Lens-
ing critical curves based on three models are shown bisecting the arc. Bottom left:
each star cluster is labeled in a grayscale FUV rest-frame image of the galaxy. Bottom
right: Source plane reconstruction of the core of the galaxy where the star clusters are
located showing their relative sizes and positions. The physical distance between A
and E and A and D is about 40 pc. Note there is some uncertainty in source positions
parallel to the lensing caustic.

28

Adamo+ (incl. MO) Nature 632(2024)513

caustic

critical 
curve

B A

B

B

A
A

source planeimage plane

• dominated by star clusters!



Microlensing
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22 Kavli IPMU News　No. 38　June　2017

Masamune Oguri
Assistant Professor, School of Science, The University of Tokyo,
and Kavli IPMU Associate Scientist

Microlensing

One way to study the abundance of compact objects such as black holes is to make 

use of gravitational lensing magnifications of background stars by such compact 

objects, which is called microlensing. Although the probability of observing such 

magnifications for individual stars is tiny, this microlensing effect can be observed 

by monitoring the brightness of millions of stars. In particular, recent discoveries of 

gravitational waves from black hole mergers have stimulated theoretical studies to 

explain dark matter with black holes as well as observational studies to constrain the 

abundance and mass of black holes using microlensing observations.

MO, Kavli IPMU news No. 38



MACHO search
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© 1993 Nature  Publishing Group

• monitoring of stars in 
Galactic center and 
Magellanic cloud 

• constrain abundance of 
primordial black hole (PBH) 
with mass 10-5-1M⦿

Alcock+ Nature 365(1993)621



MACHO search
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© 1993 Nature  Publishing Group

• monitoring of stars in 
Galactic center and 
Magellanic cloud 

• constrain abundance of 
primordial black hole (PBH) 
with mass 10-5-1M⦿

Alcock+ Nature 365(1993)621
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Subaru HSC microlensing search
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• repeated short exposure 
observations of M31

• constraint abundance of PBH 
with mass 10-11-10-6M⦿

Niikura, Takada+ (incl. MO) Nat. Ast. 3(2019)524

Figure 1 The background shows the HSC image of M31 as seen by the 104 CCD chips of the Subaru/HSC
camera. The white-colored grid represents a predefined iso-latitude tessellation grid, called the HSC “patch”
(approximately 12 arcmin on a side). Our data analysis including the image subtraction is performed on
individual patches. We exclude those patches which are marked in dark-blue color from our analysis as the
dense star fields in these patches result in a saturation of the CCDs.

assumptions about the presence of DM in a globular cluster [11]. Thus it is of critical importance to further
explore observational constraints on the PBH abundance for this mass window.

Gravitational microlensing is a powerful method to probe DM in the Milky Way (MW) [12,13]. Microlens-
ing causes a time-varying magnification of a background star when a lensing object crosses the line-of-sight
to the star at close proximity. The microlensing experiments, MACHO [14] and EROS [15], have pre-
viously monitored large number of stars in the Large Magellanic Cloud (LMC) with roughly a 24 hour
cadence. They have ruled out massive compact halo objects (MACHOs) such as brown dwarfs with mass
scales [10�7, 10]M� as DM candidates. We also note that if PBHs with mass around 10M� comprise even
1% of the DM and form binaries, then their merger rate could be larger than the LIGO event rate [16, 17].
Microlensing searches on time scales of 15 or 30 minutes have also been carried out using the public 2-year
Kepler data to constrain the abundance of 10�8M� PBHs [18]. With the aim of constraining the abundance
of PBH on even smaller mass scales, we carried out a dense cadence observation of the Andromeda galaxy
(M31), with the Subaru Hyper Suprime-Cam (HSC). We search for microlensing event(s) of M31 stars by

2



Constraints on PBH abundance

29Mroz+ Nature 632(2024)749



Weak gravitational lensing
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simulated by glafic

simulation by placing 
massive object in front 

of image



Lensing effect on background galaxies

31

sim
ulated by glafic

no gravitational lensing lens object at center



Reconstruction of mass distribution
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MO, Miyazaki+ PASJ 70(2018)S26

• reconstruction of mass distribution from coherent distortion of 
galaxy shapes along tangential direction

• searching for clusters based on dark matter density map



Three-dimensional dark matter map

33MO, Miyazaki+ PASJ 70(2018)S26



Summary
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• gravitational lensing is essential tool for studying Universe

• wide applications such as Hubble constant measurement and 
studying dark matter
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2. Lens equation



Geodesic equation
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λ = 1
2

⋯

tangent vector Vμ =
dxμ

dλ

geodesic(Vμ
,α + Γμ

αβVβ) Vα = 0

d2xμ

dλ2
+ Γμ

αβ
dxα

dλ
dxβ

dλ
= 0 geodesic equation

• for affine parameter , geodesic is 
defined by parallel transport of 
tangent vector  to direction of 

λ

Vμ Vμ

Vμ
;αVα = 0



Equivalent form of geodesic equation
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geodesic equation

(gμνVν);β
Vβ = gμνVν

;βVβ = 0

dxβ

dλ
∂

∂xβ (gμν
dxν

dλ ) − Γν
μβgνα

dxα

dλ
dxβ

dλ
= 0

=
d
dλ (gμν

dxν

dλ ) −
1
2

gαβ,μ
dxα

dλ
dxβ

dλ

d
dλ (gμν

dxν

dλ ) −
1
2

gαβ,μ
dxα

dλ
dxβ

dλ
= 0



FLRW Universe
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• FLRW metric

ds2 = − c2dt2 + a2 [dχ2 + f2
K(χ)(dθ2 + sin2 θdϕ2)]

scale factor
fK(χ) =

1

K
sin ( Kχ) (K > 0)

χ (K = 0)
1

−K
sinh ( −Kχ) (K < 0)



Geodesic in FLRW Universe (I)
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• can assume it passes through origin without loss of generality

• x3 = ϕ

d
dλ (g3ν

dxν

dλ ) =
1
2

gαβ,3
dxα

dλ
dxβ

dλ
= 0

g3ν
dxν

dλ
= a2f2

K sin2 θ
dϕ
dλ

= C
integral constant 
→  from condition of      
     passing through origin

C = 0

dϕ
dλ

= 0

2nd term  because = 0 gαβ,ϕ = 0



Geodesic in FLRW Universe (II)
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• x2 = θ
d
dλ (g2ν

dxν

dλ ) =
1
2

gαβ,2
dxα

dλ
dxβ

dλ
= a2f2

K sin θ cos θ ( dϕ
dλ )

2

= 0

2nd term  because = 0 dϕ/dλ = 0

dθ
dλ

= 0



Geodesic in FLRW Universe (III)
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• x1 = χ
d
dλ (g1ν

dxν

dλ ) −
1
2

gαβ,1
dxα

dλ
dxβ

dλ
= 0

a2 dχ
dλ

= C

d
dλ (g1ν

dxν

dλ ) − a2f′￼K fK [( dθ
dλ )

2

+ sin2 θ ( dϕ
dλ )

2

] = 0

= 0
integral constant → choose  so that λ C = 1

dχ
dλ

=
1
a2



Geodesic in FLRW Universe (IV)
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•  → use null condition x0 = ct ds2 = 0

gμν
dxμ

dλ
dxν

dλ
= 0 −( c dt

dλ )
2

+
1
a2

= 0
c dt
dλ

= ± 1
a

• in summary
c dt
dλ

= ± 1
a

dχ
dλ

=
1
a2

dϕ
dλ

= 0
dθ
dλ

= 0

+
−

(θ, ϕ) = const .



Metric with fluctuations
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ds2 = − (1 +
2Φ
c2 ) c2dt2 + a2 (1 −

2Ψ
c2 ) γijdxidxj

• metric in Universe with fluctuations (Newton gauge)

gravitational potential curvature perturbation

γijdxidxj = dχ2 + f2
K(χ)(dθ2 + sin2 θdϕ2)

•  and ,  are small within range of our interestΦ = Ψ Φ Ψ
Φ
c2

≪ 1 consider up to linear order of , Φ Ψ
Φ
c2

∼
v2

c2



Geodesic in Universe with fluctuations (I)
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• observer at origin,  separate radial coordinates  and celestial 
coordinates , 

χ
θ ϕ

• solution expected from FLRW Universe case

dxa

dλ
= 𝒪 ( Φ

c2 ) dχ
dλ

=
1
a2

+ 𝒪 ( Φ
c2 ) c dt

dλ
= −

1
a

+ 𝒪 ( Φ
c2 )

γijdxidxj = dχ2 + f2
K(χ)ωabdxadxb

ωabdxadxb = dθ2 + sin2 θdϕ2

 : from  to i, j, ⋯ 1 3

 : from 2 to a, b, ⋯ 3



Geodesic in Universe with fluctuations (II)
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• angular part  in geodesic equation

• 1st term in left hand side of geodesic equation
μ = b

d
dλ (gbν

dxν

dλ ) =
d
dλ [a2 (1 −

2Ψ
c2 ) f2

Kωbc
dxc

dλ ]
2nd order

dχ
dλ

=
1
a2

+ 𝒪 ( Φ
c2 )

2nd order

≃
1
a2

d
dχ (f2

Kωbc
dxc

dχ )
≃

ωbc

a2

d
dχ (f2

K
dxc

dχ )



Geodesic in Universe with fluctuations (III)
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• 2nd term in left hand side of geodesic equation

1
2

gμν,b
dxμ

dλ
dxν

dλ
≃

1
2

g00,b ( c dt
dλ )

2

+
1
2

g11,b ( dχ
dλ )

2

≃ −
Φ,b

a2c2
−

Ψ,b

a2c2( dxa

dχ )
2

≪ 1

,  
dχ
dλ

=
1
a2

+ 𝒪 ( Φ
c2 ) c dt

dλ
= −

1
a

+ 𝒪 ( Φ
c2 )

2nd order 2nd order



Geodesic in Universe with fluctuations (IV)
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• finally geodesic equation reduces to

d
dχ [f2

K(χ)
dxa

dχ ] +
1
c2

ωab (Φ,b + Ψ,b) = 0

d
dχ [f2

K(χ)
dxa

dχ ] +
2
c2

ωabΦ,b = 0

Φ = Ψ

equation for light 
deflection due to 

gravitational lensing

twice Newtonian case!



Deriving lens equation (I)
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• integrate equation for light deflection from  to 0 χ′￼

f2
K(χ′￼)

dxa

dχ′￼

= −
2
c2 ∫

χ′￼

0
dχ ωabΦ,b(χ, θ(χ))

• divide it by  and integrate over  from  to f2
K(χ′￼) χ′￼ 0 χs

xa(χs) − xa(0) = −
2
c2 ∫

χs

0
dχ′￼

1
f 2
K(χ′￼) ∫

χ′￼

0
dχ ωabΦ,b(χ, θ(χ))



Deriving lens equation (II)
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• by switching order of integrals

xa(χs) − xa(0) = −
2
c2 ∫

χs

0
dχ ωabΦ,b(χ, θ(χ))∫

χs

χ
dχ′￼

1
f 2
K(χ′￼)

=
fK(χs − χ)
fK(χ)fK(χs)



Deriving lens equation (III)
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• finally, in vector representation

θ(χs) = θ(0) −
2
c2 ∫

χs

0
dχ

fK(χs − χ)
fK(χ)fK(χs)

∇θΦ(χ, θ(χ)) lens equation

observer

𝜒 = 0

source 𝜽 ( 𝜒 s)   = 𝞫
image 𝜽  (0) = 𝜽

𝜒 = 𝜒s

(integral equation)



Locally flat coordinates
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• change of  due to gravitational 
lensing is small 

θ(0) − θ(χs)

𝜃 1

𝜃 2 𝜒

𝜙

𝜃locally flat coordinates

ωabdxadxb = ω̃abdx̃adx̃b = dθ2
1 + dθ2

2

ω̃ab = δab



Born approximation
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• lowest order recursive solution of integral equation

θ(χs) = θ(0) −
2
c2 ∫

χs

0
dχ

fK(χs − χ)
fK(χ)fK(χs)

∇θΦ(χ, θ(0))
θ(χ) → θ(0)

observer

𝜒 = 0

source 𝜽 ( 𝜒 s)   = 𝞫
image 𝜽  (0) = 𝜽

𝜒 = 𝜒s

path before Born approximation

path after Born approximation



Lens equation
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• for source position , image position , and 
under Born approximation

β = θ(χs) θ = θ(0)

β = θ − α(θ)
= ∇θψ = ∇θ[ 2

c2 ∫
χs

0
dχ

fK(χs − χ)
fK(χ)fK(χs)

Φ(χ, θ)]
Lens potential

• mapping from  to θ β



Thin lens and single plane approximation (I)
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• physical coordinates around lens object (scale factor , redshift ) 

perpendicular to line-of-sight direction  
al zl

Z

X⊥ = al fK(χl)θ
χ(zl)

• thin lens approximation

ρ(X) ≃ δD(Z) Σ(X⊥)

= ∫
∞

−∞
dZ ρ(X) surface mass density

X = (X⊥, Z)



Thin lens and single plane approximation (II)
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• calculate gravitational potential  from Φ(X) ρ(X)

Φ(X) = − ∫ dX′￼

Gρ(X′￼)
X − X′￼

= − G∫ dX′￼⊥
1

X⊥ − X′￼⊥
2

+ Z2

Σ(X′￼⊥)

• gradient of gravitational potential

∇θΦ = Gal fK(χl)∫ dX′￼⊥
X⊥ − X′￼⊥

{ X⊥ − X′￼⊥
2

+ Z2}
3/2 Σ(X′￼⊥)



Thin lens and single plane approximation (III)
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• adopt following approximation
1

{ X⊥ − X′￼⊥
2

+ Z2}
3/2 ≃

2δD(Z)

X⊥ − X′￼⊥
2 ≃

2a−1
l δD(χ − χl)

X⊥ − X′￼⊥
2

• finally gradient of gravitational potential is

∇θΦ ≃ 2Gal {fK(χl)}2 δD(χ − χl)∫ dθ′￼

θ − θ′￼

θ − θ′￼

2 Σ(θ′￼)



Thin lens and single plane approximation (IV)
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• plugging into lens equation

β = θ −
4G
c2

al fK(χl)fK(χs − χl)
fK(χs) ∫ dθ′￼

θ − θ′￼

θ − θ′￼

2 Σ(θ′￼)

=
1

πΣcr
Σcr =

c2

4πG
Dos

DolDls
critical surface mass density

α(θ) = ∇θψ =
1
π ∫ dθ′￼κ(θ′￼)

θ − θ′￼

θ − θ′￼

2 κ(θ) =
Σ(θ)
Σcr

convergence

ψ(θ) =
1
π ∫ dθ′￼κ(θ′￼) ln θ − θ′￼



Thin lens and single plane approximation (V)
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observer

source
𝜽

𝞫
lens 

object

image

lens 
plane

image
plane

source
plane

DolDls

Dos

β = θ − α(θ)

α(θ) = ∇θψ

κ(θ) =
Σ(θ)
Σcr

=
1
π ∫ dθ′￼κ(θ′￼)

θ − θ′￼

θ − θ′￼

2



Fermat’s principle
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w
ikipedia

minimum 
distance

minimum 
travel time

• light path is determined such 
that light travel time becomes 
minimum (stationary point)

• basic principle in geometric 
optics

• this principle is also the case 
for gravitational lensing



Lens equation from Fermat’s principle (I)
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• Fermat’s principle in expanding Universe is expressed using 
conformal time dη = dt/a

δ∫ dη = 0

• from metric and ds2 = 0
c dη
dχ

≃ − [1 −
Φ
c2

−
Ψ
c2

+
f2
K(χ)
2

ωab
dxa

dχ
dxb

dχ ]



Lens equation from Fermat’s principle (II)
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• plugging into equation of variation

δ∫
χs

0
dχ [1 −

Φ
c2

−
Ψ
c2

+
f2
K(χ)
2

ωab
dxa

dχ
dxb

dχ ] = 0

= L (xa,
dxa

dχ
, χ)

d
dχ ( ∂L

∂(dxa/dχ) ) −
∂L
∂xa

= 0 Euler-Lagrange equation

d
dχ [f2

K(χ)ωab
dxb

dχ ] +
1
c2 (Φ,a + Ψ,a) = 0

equation for light 
deflection due to 

gravitational lensing



Why does Fermat’s principle hold?

62

observer

light
source

minimum travel time

non-minimum travel time

• light travels as if they know “answer” (?)



Wave optics and geometric optics
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observer

light
source

minimum travel time

superposition of waves

geometric optics δ∫ dη = 0

wave optics ϕ ∝ ∫ 𝒟 [θ(χ)] e2πifΔt

• high frequency limit of wave optics → cancellation of integral 
of oscillating function → geometric optics



Analog: least-action principle in mechanics

64

initial 
point

least-action principle

quantum mechanics ϕ ∝ ∫ 𝒟 [x(t)] exp (i
S[x(t)]

ℏ )
path integral

analytic mechanics

end 
point

δS = 0

•  of quantum mechanics → cancellation of integral of 
oscillating function → analytic mechanics
ℏ → 0



Summary
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• lens equation is derived from geodesic equation

• calculation using various approximations such as locally flat 
coordinates and Born approximation

• lens equation can be derived from Fermat’s principle
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3. General properties



Summary of lens equation
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observer

source
𝜽

𝞫
lens 

object

image

lens 
plane

image
plane

source
plane

DolDls

Dos

β = θ − α(θ)

α(θ) = ∇θψ

κ(θ) =
Σ(θ)
Σcr

=
1
π ∫ dθ′￼κ(θ′￼)

θ − θ′￼

θ − θ′￼

2

source image deflection angle

lens potential

convergence



Relation between  and ψ κ
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• operate Laplacian to ψ

Δθψ = ∇θα =
1
π ∫ dθ′￼κ(θ′￼)∇θ

θ − θ′￼

θ − θ′￼

2 = 2κ(θ)

= 2πδD(θ − θ′￼) Gauss’ divergence theorem 

gravitational lensing version of Poisson equation



Relation between  and density fluctuationκ
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• without thin lens approximation

ψ(θ) =
2
c2 ∫

χs

0
dχ

fK(χs − χ)
fK(χ)fK(χs)

Φ(χ, θ)

κ(θ) =
1
2

Δθψ ≃
1
c2 ∫

χs

0
dχ

fK(χs − χ)fK(χ)
fK(χs)

(3)ΔΦ

=
4πG
c2 ∫

χs

0
dχ

fK(χs − χ)fK(χ)
fK(χs)

ρ̄ma2δm(χ, θ)

Poisson eq. integration of density fluctuation 
along line of sight with weight



Image position and multiple images
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source β image θ

plug  into  
→ easy

θ β = θ − α(θ)

solve  for 
→ difficult

β = θ − α(θ) θ

image planesource plane



Image position and multiple images
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source β image θ

plug  into  
→ easy

θ β = θ − α(θ)

solve  for 
→multiple solutions possible

β = θ − α(θ) θ

image planesource plane

image θ

image θ

multiple images!



Deformation of image
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• relation between infinitesimal vector around source  and 
infinitesimal vector around image position 

δβ
δθ

δβ = A(θ)δθ

A(θ) =
∂β
∂θ

= (
β1,θ1

β1,θ2

β2,θ1
β2,θ2) = (

1 − ψ,θ1θ1
−ψ,θ1θ2

−ψ,θ1θ2
1 − ψ,θ2θ2)

source plane image plane
A

A−1

𝛿𝞫 𝛿𝜽



Convergence and shear
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• from Poisson equation

tr (A) = 2 − ψ,θ1θ1
− ψ,θ2θ2

= 2(1 − κ)

• define shear

γ1 =
1
2

(ψ,θ1θ1
− ψ,θ2θ2

)

γ2 = ψ,θ1θ2

A(θ) = (1 − κ − γ1 −γ2

−γ2 1 − κ + γ1)



Deformation of image due to  and κ γ
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𝜃  1

𝜃 2𝜅 > 0 𝛾1 > 0 𝛾2 > 0

𝜃  1

𝜃 2

𝜃  1

𝜃 2

δθ = (1 − κ − γ1 −γ2

−γ2 1 − κ + γ1)
−1

δβ



Magnification

75

• Liouville’s theorem indicates that light intensity is conserved 
during propagation, so magnification  is given byμ

μ(θ) =
1

detA(θ)
=

1

(1 − κ)2 − γ
2

γ = γ2
1 + γ2

2

• flux of image is amplified by a factor of |μ |



Parity of image
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source

image (𝜇 < 0 )

image (𝜇 > 0 )
parity conserved

parity flipped 



Example 
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negative parity

positive parity

https://science.nasa.gov/asset/w
ebb/w

ebbs-first-deep-field-nircam
-im

age/



Critical curve and caustic
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• critical curve consists of points satisfying  ( ) 
in image plane

detA = 0 |μ | = ∞

[1 − κ(θc)]2 − γ(θc)
2

= 0

• caustic is corresponding curve in source plane



Critical curve and caustic
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source plane image plane

caustic critical curve



Creation/annihilation of images (point source)
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movie file: https://oguri.github.io/for_presen.html

https://oguri.github.io/for_presen.html


Creation/annihilation of images (extended source)
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movie file: https://oguri.github.io/for_presen.html

https://oguri.github.io/for_presen.html


Numerical method to solve lens equation

82

• solve lens equation numerically for θ

• search wide area in image plane to find all multiple images

β = θ − α(θ)



Numerical root finding
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source

βi = θi − α(θi)

image plane ( ) θi source plane ( ) βi



Numerical root finding
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source

βi = θi − α(θi)

image plane ( ) θi source plane ( ) βi



Numerical root finding
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source

βi = θi − α(θi)

image plane ( ) θi source plane ( ) βi



Numerical root finding
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source

βi = θi − α(θi)

image plane ( ) θi source plane ( ) βi

image



Numerical root finding
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image plane ( ) θi

critical curve

smaller grid

image plane ( ) θi

critical curve

multiple images not resolved multiple images resolved



Code to solve lens equation

88

2

Figure 1.1: Example of lens equation solving for point sources. I use square grids (thin black
lines) that are adaptively refined near critical curves to derive image positions for a given
source. Upper panels show image planes, and lower panels are corresponding source planes.
Critical curves and caustics are drawn by blue lines. Positions of sources and images are
indicated by red triangles. Left panels show an example from a simple mass model that
consist of NFW and SIE profiles. A source near the center is producing 7 lensed images. In
right panels, I add small galaxies to the primary NFW lens potential. This time 5 lensed
images are produced.

image plane 
( ) θi

source plane 
( ) βi

• small grid needed only near critical 
curve

• efficiently solve lens equation with 
adaptive grid

• in this example 7 multiple images are 
successfully found

example by glafic (MO 2010, https://github.com/oguri/glafic2)

https://github.com/oguri/glafic2


Time delay
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• preparation: cosmological time dilation

χ = ∫
t0

t1

c dt
a

= ∫
t0+δt0

t1+δt1

c dt
a

δt0 =
a(t0)
a(t1)

δt1 = (1 + z)δt1

t1 + δt1t0 + δt0

t1t0

comoving distance χ



Deriving time delay (I)
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• arrival time difference between with and without lensing

Δt = ∫w/ lensing

dt
a

− ∫w/o lensing

dt
a

• from calculation in Fermat’s principle

Δt =
1
c ∫

χs

0
dχ

f2
K(χ)
2

dθ
dχ

2

−
2Φ
c2

→ geometrical time delay Δtgeom → gravitational time delay Δtgrav



Deriving time delay (II)
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• calculation of geometrical time delay

α̂

𝜒 = 0𝜒 = 𝜒s 𝜒l

α̂ =
fK(χs)

fK(χs − χl)
(θ − β)

𝜽𝞫
𝜒

θls(χ) = θ −
fK(χ − χl)

fK(χ)
α̂

θls(χ)



Deriving time delay (III)
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dθls

dχ
= [ fK(χ − χl)f′￼K(χ)

f 2
K(χ)

−
f′￼K(χ − χl)

fK(χ) ] α̂ = −
fK(χl)
f 2
K(χ)

α̂

• differentiate  with respect to θls χ

• plug it into Δtgeom

Δtgeom =
1
c ∫

χs

χl

dχ
f2
K(χ)
2

dθls

dχ

2

=
1
c

fK(χs − χl)fK(χl)
fK(χs)

α̂
2

2

=
1
c

fK(χl)fK(χs)
fK(χs − χl)

θ − β
2

2α̂ =
fK(χs)

fK(χs − χl)
(θ − β)



Deriving time delay (IV)
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• gravitational potential in lens plane assuming thin lens

Φ(θ) ≃
2G

1 + zl
{fK(χl)}2 δD(χ − χl)∫ dθ′￼Σ(θ′￼)ln θi − θ′￼

=
c2

2
fK(χl)fK(χs)
fK(χs − χl)

δD(χ − χl)ψ(θ)

• plug it into Δtgrav

Δtgrav = −
1
c

fK(χl)fK(χs)
fK(χs − χl)

ψ(θ)



Deriving time delay (V)

94

• finally time delay  using angular diameter distancesΔt

Δt =
1 + zl

c
DolDos

Dls

β − θ
2

2
− ψ(θ)

→ geometrical 
time delay 

Δtgeom

→ gravitational 
time delay 

Δtgrav



Geometrical and gravitational time delays

95

geometrical
time delay

G
oo

gl
e 

m
ap

gravitational time delay

Takamoto+ Nature Photonics 14(2020)411



Observable time delay
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• what we can observe is differential time delay between 
multiple images

ΔtAB = Δt(θA; β) − Δt(θB; β)

source

lens object

observer

simultaneously 
emittedarrive with 

time delay

image A

image B



Connection with Fermat’s principle
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• derived expression of time delay is correct even for pair of , 
 that are not solution of lens equation

β
θ

Δt =
1 + zl

c
DolDos

Dls

β − θ
2

2
− ψ(θ)

• Fermat’s principle requires light travel time is stationary

∇θΔt = 0 θ − β − ∇θψ = 0

lens equation is derived 



Odd number theorem
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(M. Werner)

nmin − nsad + nmax + 1 = χ = 2

ntot = nmin + nsad + nmax = 1 + 2nsad
odd

Euler 
characteristic

• Fermat’s principle → images at stationary points of Δt(θ; β)

• odd number theorem of number of 
multiple images from Morse theory

• hold only when lens potential is 
smooth (e.g., not hold for point mass lens)



Example of odd number theorem
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ESA
/N

A
SA

/K
. Sharon/E. O

fek

5 multiple images of quasar

SDSS J1004



Summary
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• convergence, shear, magnification from derivatives of lens 
equation

• lens equation is mapping from image to source positions

• lens equation derived also from time delay plus Fermat’s 
principle 
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4. Examples of solutions of lens equation



Spherically symmetric lens (I)

102

• setting lens center as origin, convergence of spherically 
symmetric lens can be written as  with 

• lens potential is 

κ(θ) θ = |θ |

ψ(θ) =
1
π ∫

∞

0
dθ′￼∫

2π

0
dφ′￼θ′￼κ(θ′￼)ln θ2 + θ′￼

2 − 2θθ′￼cos φ′￼

= 2∫
θ

0
dθ′￼θ′￼κ(θ′￼)ln θ + 2∫

∞

θ
dθ′￼θ′￼κ(θ′￼)ln θ′￼

polar coordinates (θ1, θ2) = (θ cos φ, θ sin φ)

∫
2π

0
dφ′￼ ln θ2 + θ′￼

2 − 2θθ′￼cos φ′￼ = π ln [ 1
2 (θ2 + θ′￼

2 + θ2 − θ′￼
2 )] = {2π ln θ (θ ≥ θ′￼)

2π ln θ′￼ (θ < θ′￼)



Spherically symmetric lens (II)
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• add constant term to lens potential

ψ(θ) = 2∫
θ

0
dθ′￼θ′￼κ(θ′￼)ln ( θ

θ′￼
)

ψ(θ) − 2∫
∞

0
dθ′￼θ′￼κ(θ′￼)ln θ′￼ → ψ(θ)

function of only θ = |θ |



Spherically symmetric lens (III)

104

• deflection angle  isα(θ)

α(θ) = ∇θψ(θ) = [ 2
θ2 ∫

θ

0
dθ′￼θ′￼κ(θ′￼)] θ = κ̄( < θ)θ

• average convergence κ̄( < θ)

κ̄( < θ) =
2
θ2 ∫

θ

0
dθ′￼θ′￼κ(θ′￼)

α ∥ θ

• setting , lens equation is one-dimensionalβ = |β |

β = θ − α(θ) = [1 − κ̄( < θ)] θ
𝜃  1

𝜃 2

θ
β

θ

→ β ∥ θ



Spherically symmetric lens (IV)

105

• calculate shear , γ1 γ2

γ1 =
1
2 [ ∂(κ̄θ1)

∂θ1
−

∂(κ̄θ2)
∂θ2 ] = − (κ̄ − κ)

θ2
1 − θ2

2

θ2

γ2 =
∂(κ̄θ1)

∂θ2
= − (κ̄ − κ)

2θ1θ2

θ2

𝜃  1

𝜃 2

𝛾1<0, 𝛾2=0

𝛾1=0, 𝛾2<0

𝛾1>0, 𝛾2=0

𝛾1=0, 𝛾2>0

𝛾1>0, 𝛾2=0

𝛾1=0, 𝛾2>0

𝛾1=0, 𝛾2<0

𝛾1<0, 𝛾2=0• for , ,  
image is distorted along tangential 
direction around lens center

κ̄( < θ) > κ(θ) |κ | ≪ 1

γ+(θ) = κ̄( < θ) − κ(θ) tangential shear



Einstein radius
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• when  image is circle, obvious from symmetry

• ,  ring for finite source size (Einstein ring)

• from lens equation, radius of ring  is

β = 0

|μ | = ∞

θEin

𝜃  1

𝜃 2

κ̄( < θEin) = 1
θEin



Total mass within Einstein radius
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• mass within radius  in lens plane projected along line-of-sightθ

M( < θ) = D2
ol ∫

θ

0
dθ′￼2πθ′￼Σ(θ′￼)

• observation of Einstein 
radius provides

M( < θEin) = πD2
olθ

2
EinΣcr

general relation that
holds for any density

profile of lens

𝜃  E i n

line-of-sight

spherically symmetric lens



Multiple images for spherically symmetric lens

108

• one-dimensional lens equation

𝜃  1

𝜃 2

θ
β

θ

β = θ − α(θ) = [1 − κ̄( < θ)] θ

• extend to θ < 0
α(−θ) = − κ̄( < θ)θ α(−θ) = − α(θ)

ψ(−θ) = ψ(θ)

• diagrammatic approach 

Y = θ − β
Y = α(θ) their intersections are solutions of lens equation{



Diagrammatic approach 
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𝜃

Y

𝛽 𝜃 A'𝜃 A
𝜃  B𝜃  C

Y= 𝛼(𝜃)

Y= 𝜃−𝛽 Y= 𝜃−𝛽'

𝛽  '

extend to  by θ < 0
α(−θ) = − α(θ)

3 images→ ←1 image



Multiple images for point source
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𝛽   1 ,    𝜃  1

𝛽  2 ,  𝜃 2

𝛽

𝜃

3 images

𝛽   1 ,    𝜃  1

𝛽  2 ,  𝜃 2

𝛽  '

𝜃

1 image



Multiple images for extended source
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𝛽   1 ,    𝜃  1

𝛽  2 ,  𝜃 2
×  𝜃  /  𝛽    

×  d  𝜃  /  d  𝛽   

• tangential magnification

μt =
θ
β

=
1

1 − κ̄

• radial magnification
𝛽

𝜃

μr =
dθ
dβ

=
1

1 − 2κ + κ̄

• agree with  from definitionμ

μ = μtμr =
1

(1 − κ̄)(1 − 2κ + κ̄)



Example: point mass lens (I)
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• mass model for star and black hole

ρ(r) = MδD(r)

κ(θ) =
4πGM

c2

Dls

DolDos
δD(θ)

κ̄( < θ) =
1

πθ2 ∫|θ′￼|<θ
dθ′￼κ(θ′￼) =

4GM
c2

Dls

DolDos

1
θ2

• Einstein radius is derived from  asκ̄( < θEin) = 1

θEin =
4GM

c2

Dls

DolDos
κ̄( < θ) =

θ2
Ein

θ2



Example: point mass lens (II)
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• lens equation

β = θ −
θ2

Ein

θ

• lens potential

ψ(θ) = θ2
Ein ln θ

• always 2 images

θ−



Example: point mass lens (III)
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• setting normalized source position as y = β/θEin

θ±

θEin
=

y ± y2 + 4

2

μ± = [1 − ( θEin

θ± )
4

]
−1

=
1
2

± y2 + 2
2y y2 + 4

μtot = μ+ + μ− =
y2 + 2

y y2 + 4

      y → 0 μ+ → + ∞ μ− → − ∞
         y → ∞ μ+ → 1 μ− → 0

      y → 0 θ+ → θEin θ− → − θEin

        y → ∞ θ+ → β θ− → 0



Example: point mass lens (IV)
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• time delay

Δt(θ±; β) =
1 + zl

c
DolDos

Dls
θ2

Ein ( θ2
Ein

2θ2±
− ln θ± ) =

4GM(1 + zl)
c3 ( θ2

Ein

2θ2±
− ln θ± )

~Schwarzschild radius / c

• observable time delay

Δt(θ−; β) − Δt(θ+; β) =
4GM(1 + zl)

c3

y y2 + 4

2
+ ln

y2 + 4 + y

y2 + 4 − y
arrive  first, then θ+ θ−

increasing function of y



Example: point mass lens (V)
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𝛽   1 ,    𝜃  1

𝛽  2 ,  𝜃 2

𝛽

𝜃  −

𝛽   1 ,    𝜃  1

𝛽  2 ,  𝜃 2

𝜃  +𝜃  E  i  n

𝛽

𝜃  −

𝜃  +
𝜃  E  i  n

 small →  small, y = β/θEin Δt μ+ ≃ |μ− | ≫ 1  large →  large, , y = β/θEin Δt μ+ ≃ 1 |μ− | ≪ 1

similar qualitative behavior in other lens models



Example: singular isothermal sphere (I)

117

• mass model for galaxy (and cluster)

ρ(r) =
σ2

2πGr2

κ(θ) =
2σ2

c2

DolDls

Dos ∫
∞

−∞
dZ

1
Z2 + D2

olθ2
=

2πσ2

c2

Dls

Dos

1
θ

=
θEin

2θ

κ̄( < θ) =
4πσ2

c2

Dls

Dos

1
θ

=
θEin

θ

θEin =
4πσ2

c2

Dls

Dos

 : velocity dispersionσ

(SIS)



Example: singular isothermal sphere (II)
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• lens potential, deflection angle

ψ(θ) = θEinθ
α(θ) = θEin

θ−• extend to θ < 0

β = θ − θEin
θ
θ

• 2 images for ,   
1 image for 

β < θEin
β > θEin

(SIS)



Example: singular isothermal sphere (III)
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• setting normalized source position as y = β/θEin

θ±

θEin
= y ± 1

μ± = 1 −
θEin

θ±

−1

= 1 ± 1
y

μtot = μ+ + μ− =
2
y

      y → 0 μ+ → + ∞ μ− → − ∞
           y → 1 μ+ → 2 μ− → 0

      y → 1 θ+ → 2θEin θ− → 0
        y → 0 θ+ → θEin θ− → − θEin

•  → measure  from multiple image positionsθ+ − θ− = 2θEin θEin

(SIS)



Example: singular isothermal sphere (IV)
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• time delay

Δt(θ±; β) =
1 + zl

c
DolDos

Dls
θ2

Ein
1
2

−
θ±

θEin

• observable time delay

Δt(θ−; β) − Δt(θ+; β) = 2
1 + zl

c
DolDos

Dls
θ2

Einy = 2
1 + zl

c
DolDls

Dos ( 4πσ2

c2 )
2

y

=
1 + zl

c
DolDos

Dls

θ2
+ − θ2

−

2
expression with θ±

arrive  first, then θ+ θ− increasing function of y

(SIS)



Example: cored isothermal sphere (I)
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• mass model removing central singularity of SIS

ρ(r) =
σ2

2πG
1

r2 + r2
c

 : velocity dispersionσ θ0 =
4πσ2

c2

Dls

Dos
θc =

rc

Dol

κ(θ) =
2σ2

c2

DolDls

Dos ∫
∞

−∞
dZ

1
Z2 + D2

ol(θ2 + θ2
c )

=
θ0

2 θ2 + θ2
c

κ̄( < θ) =
θ0

θ2 ( θ2 + θ2
c − θc)

ψ(θ) = θ0 [ θ2 + θ2
c − θc ln (θc + θ2 + θ2

c )]



Example: cored isothermal sphere (II)
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• lens equation

β = θ −
θ0

θ ( θ2 + θ2
c − θc)

• 3 or 1 multiple images



Example: NFW profile (I)
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• mass model of dark matter halo

ρ(r) =
ρs

(r/rs)(1 + r/rs)2

• deflection angle etc. can be computed analytically 
        Bartelmann A&A 313(1996)697, Wright & Brainerd ApJ 534(2000)34



Example: NFW profile (II)

124

• 3 or 1 multiple images, magnification relatively high



Example: power-law lens (I)
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• useful for investigating radial profile dependence
ρ(r) ∝ r−η

κ̄( < θ) = ( θ
θEin )

1−η

α(θ) = θEin ( θ
θEin )

2−η

κ(θ) =
3 − η

2 ( θ
θEin )

1−η

ψ(θ) =
θ2

Ein

3 − η ( θ
θEin )

3−η

Y = α(θ)

θ

η > 2

η < 2

max. 2 
multiple 
images max. 3 

multiple 
images



Example: power-law lens (II)
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• radial magnification at Einstein radius

μr(θEin) =
1

2 [1 − κ(θEin)]
=

1
η − 1

•  large for small  (shallow radial profile)μr η

relatively large magnification of NFW profile



External perturbation
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• one of causes of non-sphericity

• perturbation by external object 
with lens potentialψX

ψext(θ) = ψX(θ − θ0)

𝜃  1

𝜃 2
external 

perturber ψX

lens object

θ0 = (θ0 cos φ0, θ0 sin φ0)

θ = (θ cos φ, θ sin φ)

ψext(θ) = ψX(θ − θ0)
external perturbation to lens



External convergence and shear

128

ψext(θ) = ψX(−θ0) + θ ⋅
∂ψX

∂θ
−θ0

+
1
2

θ ⋅ H (ψX(−θ0)) θ + ⋯

• Taylor expand

constant
→ignored

constant deflection
→degenerate with β

lower order term 
that is meaningful

κX(−θ0) = κext
γX1(−θ0) = − γext cos 2φ0
γX2(−θ0) = − γext sin 2φ0

ψext(θ) ≃
θ2

2 [κext − γext cos 2(φ − φ0)]
external 

convergence
external 

shear



Example: SIS plus external shear (I)
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•  without loss of generalityφ0 = π/2

ψ(θ) = θEinθ +
γext

2
θ2 cos 2φ = θEin θ2

1 + θ2
2 +

γext

2 (θ2
1 − θ2

2)
• lens equation

β1 = [(1 − γext) θ − θEin] cos φ = (1 − γext) θ1 −
θEinθ1

θ2
1 + θ2

2

β2 = [(1 + γext) θ − θEin] sin φ = (1 + γext) θ2 −
θEinθ2

θ2
1 + θ2

2



Example: SIS plus external shear (II)
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• calculate inverse magnification 

μ−1 = 1 − γ2
ext −

θEin

θ (1 − γext cos 2φ)
• critical curve in parametric representation

θ(φ) =
1 − γext cos 2φ

1 − γ2
ext

θEin β1(φ) = −
2γext

1 + γext
θEin cos3 φ

β2(φ) =
2γext

1 − γext
θEin sin3 φ

caustic

astroid



Example: SIS plus external shear (III)
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movie file: https://oguri.github.io/for_presen.html

https://oguri.github.io/for_presen.html


Mass-sheet degeneracy

132

• consider effect of external convergence

ψext(θ) ≃
θ2

2 [κext − γext cos 2(φ − φ0)]

• lens equation with external convergence

β = θ − α(θ) − κextθ

(1 − κext)−1β = θ − (1 − κext)−1α(θ)
transform 

unobservable 
image position

transform 
unobservable

deflection angle

image position 
unchanged

θ



Mass-sheet transform

133

• observed image positions unchanged by following transform

ψ(θ) → (1 − κext)ψ(θ) + κext

θ
2

2
β → (1 − κext)β

lens object
reduce mass
of lens and

insert mass sheet
exactly same 

image positions



Magnification and time delay

134

• magnification changed by mass-sheet transform, ratio not changed

μ → (1 − κext)−2μ
μi

μj
→

μi

μj

observable from flux ratio of multiple images
usually cannot be 

observed

• time delay changed by facto fo (1 − κext)
θ − β

2

2
− ψ(θ) → (1 − κext)

θ − β
2

2
− ψ(θ) − κext(1 − κext)

β
2

2
not contribute to 

observable time delaysystematic error in  measurementH0



Elliptical mass density distribution

135

• about convergence of spherically symmetric lens κ(θ)

θ → v =
θ2

1

(1 − e)
+ (1 − e)θ2

2

• lensing properties analytically computed only for some lens 
models, for other models numerical integrations needed



Summary
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• in the case of spherically symmetric lens, lens equation reduces 
to one dimensional equation 

• number of images and configuration easily understood with 
diagrammatic approach

• number of images and their configuration becomes complicated 
for non-spherically symmetric lens 
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5. Strong lensing



Strong lensing analysis

138

• observables: multiple image positions, flux ratios, multiple 
image shapes (galaxies), time delays (quasar, supernovae, etc.)

N
A

SA
/ESA

/C
SA

/ST
ScI

H
ubble/ESA

/N
A

SA



Strong lensing analysis

139

• multiple image positions

common source position   →β θj − α(θj) = θk − α(θk)
constraint on mass distribution

• parameters determined by minimizing chi-square

χ2
pos =

Ni

∑
i=1

Nij

∑
j=1

θobs
ij − θij(βi; pmodel)

2

σ2
ij

number of sources number of multiple images for each source i

error of image position



Evaluating chi-square in source plane

140

• need to solve lens equation in evaluating chi-square

χ2
pos =

Ni

∑
i=1

Nij

∑
j=1

θobs
ij − θij(βi; pmodel)

2

σ2
ij

• avoid solving lens equation using approximation

χ2
pos ≃

Ni

∑
i=1

Nij

∑
j=1

[A(θobs
ij ; pmodel)]

−1

[βobs
ij (pmodel) − βi]

2

σ2
ij

fast evaluation possible

lens equation
→ multiple image position 

for source i



Flux ratio and time delay

141

• flux ratio

χ2
flux =

Ni

∑
i=1

Nij

∑
j=1

[f obs
ij − μij(βi; pmodel) fsrc,i]

2

σ2
f,ij

• time delay

χ2
td =

Ni

∑
i=1

Nij

∑
j=1

[Δtobs
ij − Δtij(βi; pmodel) − Δti]

2

σ2
Δt,ij



Example: quasar lensing
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• quadruple quasar lens WFI2033−4723
     zs=1.662, zl=0.661, maximum image separation 2.53 arcsec

Suyu+ MNRAS 468(2017)2590

Bonvin+ A&A 629(2019)A97

time delays from ~13 year monitoring (max. ~60 days)



Mass modeling 

143

• mass modeling of WFI2033−4723

    observational constraints: image+lens position, flux ratio, time delay
                        

    assumed model: singular isothermal ellipsoid+external shear
                           +higher order perturbation (+source position, )
                        

Nconst = 15

H0
Nparam = 12

degree of freedom (dof) 15 − 12 = 3



Result of mass modeling 

144

• observed image positions etc well reproduced  χ2/dof = 4.3/3



Extending to power-law ellipsoid

145

θmax ≃ 2θEin

κ̄( < θEin) = 1

• mass within Einstein radius is 
robustly constrained    

positions of 4 multiple images

68% confidence 
interval

• constraint on slope is 
relatively weak

ρ(r) ∝ r−η



Constraint on Hubble constant H0

146

• constraint weak for power-law • degeneracy between  and slope 
(≃mass-sheet degeneracy)   

H0



Improving constraint on H0
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Wong+ MNRAS 465(2017)4895

Suyu+ MNRAS 468(2017)2590

HE0435−1223

lensed quasar host galaxy

mass model constraint from lensed 
quasar host galaxy shape

mass model constraint from velocity 
dispersion of lens galaxy



Example: cluster lensing

148

SMACS0723 JWST • one of first targets of James 
Webb Space Telescope 
(JWST) 

• 43 multiple images from 14 
background source galaxies



Derived mass model
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critical curve for zs=10



Average convergence

150

positions of 43 multiple images

multiple images for a wide range 
of radii

density profile well constrained 
including slope



Source redshift dependence
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redshift range of 14 source galaxies

Σ−1
cr ∝

Dls

Dos

 depend on
source redshift
θEin constraint of  

at multiple radii
κ̄( < θEin) = 1

redshift range of 14 source galaxies



Issue of cluster lensing
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observed image position

image position predicted by 
mass model

• significant difference of 
image positions

• originate from complicated 
mass distribution in real 
cluster



Issue of cluster lensing

153• detailed mass modeling using >100 multiple images 

JWST image glafic analysis dark matter distribution

https://github.com/oguri/glafic2

https://github.com/oguri/glafic2


Example: extended source
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χ2
ext =

Nx

∑
ix=1

Ny

∑
iy=1

[f obs(ix, iy) − f(ix, iy; psource, pmodel)]
2

σ2(ix, iy)

SDSSJ002927.38+254401.7
Shu+ ApJ 824(2016)86

result of mass modeling

• fitting all pixels   

challenge: 
     computational cost
     complex source morphology
     complex mass distribution
      …



Small scale dark matter distribution

155

flux ratio of multiple 
images of point source 

model ~1:1

change of shape of lensed extended source

MG0414+0534



Small  object detected in B1938+666106M⊙
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Figures
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Figure 1 The strong gravitational lens system JVAS B1938+666. Left: Our best model of the 1.7 GHz global VLBI
observation used here, which has been re-convolved with the main lobe of the interferometer’s PSF and added to
the residuals (34 µJy/beam RMS). For reference, red contours show a 2.1 µm observation from the W. M. Keck
Observatory adaptive optics system [30]. The positions of two low-mass perturbers are marked with black X’s. The
2 → 108 M→ object first detected by [24] is labeled A, while the 1.13 → 106 M→ detection reported here is labeled V.
The zoomed-in region shown in the right two panels is indicated by the black square, which has a side length of 60
milli-arcseconds. Top right: Detail of the bright arc around V, with the colour scale modified to emphasize the gap
in the arc produced by V’s gravitational perturbation. Bottom right: Gravitational imaging (GI) corrections to the
lensing convergence (expressed in units of lens-plane surface mass density), showing a compact, positive feature whose
position and mass are consistent with the independent parametric modeling results for V. The dashed black circle has
a radius of 80 pc, and the lensed emission are indicated by the black contours.

12

Powell+ Nat. Ast. 9(2025)1714



Strong lensing probability

157

lens object

observer

source 
object

• strong lensing produced only when lens object is located 
along line-of-sight of source → strong lensing probability

source 
object

source 
object



Lensing cross section
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• area (solid angle)  on sky within which background 
source is strongly lensed for a lens

σsl

𝛽   1 

𝛽  2 

𝛽

𝜃  E  i  n

𝛽  '

2 images

1 image
SIS

area πθ2
Ein

 when strong lensing is 
defined by forming multiple images
σsl = πθ2

Ein

(only for SIS, different for different mass model)



Calculating strong lensing probability
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Psl(zs) = ∫
zs

0
dzl

d2V
dzldΩ ∫

∞

0
dM

dn
dM

σsl(M; zl, zs)

• strong lensing probability for source at zs

comoving volume element 
d2V

dzldΩ
= f2

K(χ(zl))
c

H(zl)
mass function 

of lens
lensing cross section

• for SIS, velocity dispersion  corresponds to mass σ

Psl(zs) = ∫
zs

0
dzl

d2V
dzldΩ ∫

∞

0
dσ

dn
dσ

σsl(σ; zl, zs)

velocity dispersion 
function



Calculating strong lensing probability

160

• observed velocity dispersion function

dn
dσ

∝ σ−α exp [−( σ
σ* )

β

] , , α ≃ 1 β ≃ 2 σ* ≃ 200 km/s

σ4 dn
dσ

lens galaxy is typically
massive galaxy (elliptical galaxy)



Source redshift dependence
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• for zs ≪ 1

d2V
dzldΩ

∝ z2
l

Psl(zs) ∝ z3
s

∝ z3
s

• increasing function 
of zs



Contribution of cluster

162

density profile of cluster is NFW-like cluster contribution to total lensing 
probability is minor



Mock catalog of strong gravitational lenses

163

Abe, MO+ OJAp 8(2025)8

• halo model approach with 
halos, subhalos, and galaxies

• NFW for halos/subhalos 
and Hernquist for galaxies

• naturally predict transition 
from galaxy- to cluster-scale 
lenses 



New sources
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supernova gravitational waves gamma-ray
burst

fast radio
burst

see MO Rep. Prog. Phys. 82(2019)126901



Summary
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• mass distribution determined so as to reproduce observed 
multiple image positions

• degeneracy between Hubble constant and lens mass distribution 
when measuring Hubble constant from observed time delay

• strong lensing probability is increasing function of source 
redshift
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6. Microlensing



Point mass lens

167

• play central role in microlensing

θEin =
4GM

c2

Dls

DolDos

y =
β

θEin

μtot(y) =
y2 + 2

y y2 + 4



Magnification curve

168

• ignore acceleration, assume constant velocity

y(t) = y2
0 + ( t − t0

tEin )
2

μ(t) = μtot(y(t)) = {y(t)}2 + 2

y(t) {y(t)}2 + 4

y  0   =  𝛽   0   /  𝜃  E  i  n y   (  t  )
source

lens

v ⊥  /   {  ( 1 +  z  l )  D  o  l }

y    =  𝛽    /  𝜃  E  i  n   =  1

tEin =
(1 + zl)DolθEin

v⊥
Einstein time

time at y = y0

impact parameter



Microlensing animation

169

movie file: https://oguri.github.io/for_presen.html

https://oguri.github.io/for_presen.html


Magnification curve for point mass lens

170



Physical quantities from magnification curve

171

• physical quantities obtained from magnification curve are

tEin =
(1 + zl)DolθEin

v⊥

y0 =
β0

θEin degeneracy between mass , 
velocity , distance 

M
v⊥ D

• need other observables to break degeneracy



Effect of finite source size
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• source is not point-like but has finite radius

μ(t, ρ*) =
1

πρ2
* ∫

2π

0
dφ∫

ρ*

0
dρ ρμtot ( {y(t) + ρ cos φ}2 + {ρ sin φ}2)

ρ* =
β*

θEin
normalized radius of source

assume uniform brightness

 can be inferred if  is estimated with some methodsθEin β*



Magnification curve for finite source size

173



Microlensing parallax

174

source

β1

β2

observer 1

observer 2

• observers at different positions → different source positions → 
different magnifications

• distance between observers known →  can be measured∼ DθEin

lens 



Various parallax
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Sun

Earth

orbital parallax

satellite
(L2)

Earth

trigonometric parallax

source

lens 

source

lens 



Orbital parallax
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Trigonometric parallax

177



Examples of parallax observations

178

Wyrzykowski+ MNRAS 458(2016)3012

orbital parallax 
(OGLE3-ULENS-PAR-02)

Yee+ ApJ 802(2015)76

trigonometric parallax 
(OGLE-2014-BLG-0939)



Microlensing probability
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• calculation similar to strong lensing probability

Pml(zs; > μth) = ∫
zs

0
dzl

d2V
dzldΩ ∫

∞

0
dM

dn
dM

σml(M; zl, zs, > μth)

• microlensing cross section
σml(M; zl, zs, > μth) = πθ2

Einy2
0, max(μth)

=
4πGM

c2

Dls

DolDos
y2

0, max(μth)

y2
0, max(μth) =

2

μth μ2
th − 1 + μ2

th − 1

Einstein radius of point mass lens

calculate from  of point mass lensμtot(y)



Microlensing probability
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• probability is proportional to mean mass density of lens

∫
∞

0
dMM

dn
dM

= ρ

• does not depend on mass !M



Microlensing rate

181

• probability that microlensing happens within a unit time

Γml(zs; > μth) = ∫
zs

0
dzl

d2V
dzldΩ ∫

∞

0
dM

dn
dM

dσml

dt

dσml

dt
=

2θ2
Einy0, max

tEin

, depends on lens mass  through Γml ∼
Pml

tEin
M tEin



Dark matter search with microlensing

182Mroz+ Nature 632(2024)749



Non-spherically sym. lens: caustic crossing
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movie file: https://oguri.github.io/for_presen.html

https://oguri.github.io/for_presen.html


Microlensing by binary lens

184



Microlensing search of exoplanet

185

Bond+ ApJ 606(2004)L155

https://ogle.astrouw
.edu.pl/cont/4_m

ain/epl/blg235/



Microlensing at cosmological distances

186

20232022

Fudamoto+ (incl. MO) Nat. Ast. 9(2025)428 Kelly+ (incl. MO) Nat. Ast. 2(2018)334

MACS J149++2223

N
A

SA
/ESA

/P. K
elly 



Summary
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• from observation of magnification curve, information on impact 
parameter and Einstein time are obtained

• degeneracy can be broken by finite source size effect or 
microlensing parallax 

• microlensing probability constrains fraction of compact dark 
matter
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7. Weak lensing



Principle of weak lensing measurement

189

inferred 
shear

average
shape

• each galaxy has intrinsic shape (ellipticity), but assume its 
orientation is random

• by taking average of galaxy shapes in some region, intrinsic shapes 
are average out, and shear in that region can be inferred



Shape measurement method (I)

190

• define galaxy shape by 2nd moment of intensity  I(θ)

Qab =
∫ dθI(θ)θaθb

∫ dθI(θ)
coord. origin = galaxy center

• define complex ellipticity and shear for convenience

ϵ =
Q11 − Q22 + 2iQ12

Q11 + Q22

γ = γ1 + iγ2

complex ellipticity

complex shear



Shape measurement method (II)

191

• from , relation between intrinsic shape  and 
observed shape  is

δβ = A(θ)δθ Q(s)
ab

Qab

Q(s)
ab =

∫ dβI(β)βaβb

∫ dβI(β)
≃ AacAbdQcd : Jacobi matrixA

intensity conserved I(s)(β) = I(θ)

small galaxy shape ∫ dβ = ∫ dθ |detA | ≃ |detA |∫ dθ



Shape measurement method (III)

192

• inserting expression of Jacobi matrix to compute

ϵ(s) =
(1 − κ)2ϵ − 2(1 − κ)γ + γ2ϵ*

(1 − κ)2 + |γ |2 − 2(1 − κ)Re(γϵ*)

=
ϵ − 2g + g2ϵ*

1 + |g |2 − 2Re(gϵ*)

g =
γ

1 − κ

reduced shear

ϵ =
ϵ(s) + 2g + g2ϵ(s)*

1 + |g |2 + 2Re(gϵ(s)*)
inverse

g → − g



Shape measurement method (IV)

193

• ignoring higher order terms and take average

⟨ϵ⟩ ≃ ⟨ϵ(s) + 2g⟩ ≃ 2⟨g⟩ ≃ 2⟨γ⟩
average of observed 

galaxy ellipticity in some 
region on the sky

average shear in 
that region

inferred 
shear

average
shape



Noise of weak lensing measurement

194

• ignoring higher order terms and take average

⟨ϵ⟩ ≃ ⟨ϵ(s)⟩ + 2⟨γ⟩
noise 

∼ σϵ/2/ N
signal

S
N

∼
Nγ

σϵ/2

 (galaxy, cluster)  (cosmic shear)γ ∼ 0.03 0.003

intrinsic ellipticity σϵ/2 ∼ 0.3

shapes of  galaxies neededN ∼ 103 − 105



Measurement in real data

195

10 S. BRIDLE ET AL.

FIG. 2. Illustration of the forward problem. The upper panels show how the original galaxy image
is sheared, blurred, pixelised and made noisy. The lower panels show the equivalent process for
(point-like) stars. We only have access to the right hand images.

One good assumption that we can make is that unlensed galaxies are randomly
oriented. In addition we find that the radially averaged 1D galaxy light intensity
profile I (r) is well fit by I (r) = Io exp(−(r/rc)

1/n) [Sersic (1968)], where Io,

FIG. 3. Illustration of the inverse problem. We begin on the right with a set of galaxy and star
images. The full inverse problem would be to derive both the shears and the intrinsic galaxy shapes.
However shear is the quantity of interest for cosmologists.

Bridle+ AnApS 3(2008)36

observe
these

infer this



Tangential shear analysis
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sim
ulated by glafic

lens object at the center

γ+

γ×

φ
origin

θ1

θ2

• determine origin, and measure tangential 
shear  and cross shear  around it

• lens signal corresponds to  

γ+ γ×

γ+



Tangential shear analysis

197

γ+(θ) = − γ1(θ)cos 2φ − γ2(θ)sin 2φ = − Re [γ(θ)e−2iφ]
γ×(θ) = γ1(θ)sin 2φ − γ2(θ)cos 2φ = − Im [γ(θ)e−2iφ]

• definition of tangential shear  and cross shear  γ+ γ×

• for spherically symmetric lens (Chap. 4)

γ+(θ) = κ̄( < θ) − κ(θ)
γ×(θ) = 0



More general (non spherically symmetric) case

198

κ̄( < θ) =
1

πθ2 ∫|θ′￼|<θ
dθ′￼κ(θ′￼)

• average convergence  and azimuthally averaged 
convergence  for general mass distribution

κ̄( < θ)
κave(θ)

=
1

2πθ2 ∫|θ′￼|<θ
dθ′￼∇2

θ′￼
ψ(θ′￼)

=
1

2πθ ∫
2π

0
dφ

∂ψ
∂θ

κ̄ave(θ) = ∫
2π

0

dφ
2π

κ(θ)

2D Gauss’s theorem



Tangential (cross) shear in general case

199

γave
+ (θ) = ∫

2π

0

dφ
2π

γ+(θ) = κ̄( < θ) − κave(θ)

• by taking azimuthal average, relation similar to that in spherically 
symmetric case holds in general

γave
× (θ) = ∫

2π

0

dφ
2π

γ+(θ) = 0



Tangential shear analysis

200

radius θ
φ

• define annulus with radius  

• take average of tangential shear of 
each galaxy  in the annulus

θ

j

γ̄+(θ) =
∑j wjγ+j

∑j wj
 : weightwj

• compare observed  with 
theoretical model to infer physical 
quantities of lens such as mass

γ̄+(θ)



Example of analysis: SDSSJ1138+2754
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Subaru/Suprime-cam gri-band



Differential surface mass density

202

• when redshift of each source galaxy is known, one can multiple 
tangential shear by critical surface density to obtain differential 
surface mass density

ΔΣ+(R) =
∑j wjγ+jΣcr(zl, zj)

∑j wj

• additionally can take average of lens i

ΔΣ+(R) =
∑i ∑j wijγ+ijΣcr(zi, zj)

∑i ∑j wij



Stacked weak lensing analysis

203

MO+ MNRAS 420(2012)3213

• average of differential 
surface mass density of 25 
clusters

• precise measurement of 
dark matter distribution



Stacked weak lensing analysis in 2D

204

MO+ MNRAS 420(2012)3213

• stacking shear field in 2D aligning 
major axis from strong lensing

• significant project ellipticity (non-
sphericity) with axis ratio of 2:1 
detected

• confirm important cold dark 
matter prediction



Detailed analysis of dark matter distribution

205

• differential surface mass density 
analysis using 30 million source 
galaxies and 1 million lensing 
galaxies from Subaru HSC 
survey data

• detect signals down to ~10 kpc, 
allowing analysis of central dark 
and stellar mass distributions of 
galaxies with weak lensing

Fujikawa & MO OJAp 9(2026)61580



Halo mass-stellar mass relation, stellar IMF

206

both directly 
measured by
weak lensing

more bottom heavy
than Salpeter IMF

Fujikawa & MO OJAp 9(2026)61580



Dark matter map

207

• tangential shear analysis requires assumption on lens center 

• it is possible to reconstruct dark matter distribution without any 
assumption  dark matter map→



Kaiser-Squires method (I)

208

• relation between complex shear  and convergence  γ(θ) κ(θ)

ψ(θ) =
1
π ∫ dθ′￼κ(θ′￼)ln θ − θ′￼

γ(θ) =
1
π ∫ dθ′￼κ(θ′￼)D(θ − θ′￼) D(θ) =

θ2
2 − θ2

1 − 2iθ1θ2

θ
4

• Fourier transform (convolution→product)

γ̃(ℓ ) =
1
π

κ̃(ℓ )D̃(ℓ ) D̃(ℓ ) = π
ℓ2

1 − ℓ2
2 + 2iℓ1ℓ2

ℓ
2

Kaiser & Squires ApJ 404(1993)441



Kaiser-Squires method (II)

209

• expression of convergence in Fourier space

κ̃(ℓ ) =
1
π

γ̃(ℓ )D̃*(ℓ )

• expression of convergence in real space

κ(θ) − κ0 =
1
π ∫ dθ′￼γ(θ′￼)D*(θ − θ′￼)

constant 
(mass-sheet transform) 

reconstruct mass distribution  from observation of galaxy shape κ(θ) γ(θ)

correspond to ℓ = 0

Kaiser & Squires ApJ 404(1993)441



EB mode
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• rewrite equation of convergence ( ) reconstructionκ

κ(θ) − κ0 =
1
π ∫ dθ′￼

γ+(θ′￼; θ)

θ − θ′￼

2 + i
1
π ∫ dθ′￼

γ×(θ′￼; θ)

θ − θ′￼

2

B-mode  
(zero)

γB(θ)E-mode  
(convergence)

γE(θ)

γ+(θ′￼; θ) = − γ1(θ′￼)cos(2φθ′￼−θ) − γ2(θ′￼)sin(2φθ′￼−θ)

γ×(θ′￼; θ) = γ1(θ′￼)sin(2φθ′￼−θ) − γ2(θ′￼)cos(2φθ′￼−θ)

θ1

θ2

γ+

γ×

φθ′￼−θ

θ

θ′￼ θ′￼− θκ(θ)



 reconstruction = EB mode decompositionκ
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convergence 
κ(θ)

zero
(check for systematics)
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2131/4000 of total data

Subaru HSC 
survey data



214

galaxies used 
for weak 

lensing analysis

1/4000 of total data
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inferred dark 
matter 

distribution

1/4000 of total data



Cluster search using dark matter map

216
can search clusters (peaks in map) from purely gravitational effect

bar: shear
color: 
convergence

MO, Miyazaki+ PASJ 70(2018)S26



Density distribution from weak lensing

217

• relation between  and κ δm

κ(θ) = ∫
χs

0
dχ W(χ)δm(χ, θ)

W(χ) =
3Ωm0H2

0

2c2

fK(χs − χ)fK(χ)
a fK(χs)

• integration along line-of-
sight with weight that 
depends on source redshift



Reconstruction of 3D density distribution
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• from convergence with different source redshift κ(θ; zs,i)

κ(θ; zs,i) ≃ ∑
j

Δχj W(χj; zs,i)δm(χj, θ)

δm(χj, θ) ≃ ∑
i

[Δχj W(χj; zs,i)]
−1

κ(θ; zs,i)

3D reconstruction possible



Example of 3D reconstruction

219MO, Miyazaki+ PASJ 70(2018)S26



Quantify density fluctuations
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2-point correlation function
ξ(θ) = ⟨γ(θ′￼)γ(θ′￼+ θ)⟩

shear γ(θ′￼)
shear γ(θ′￼+ θ)

angular power spectrum

Cℓ = ∫ dθ e−iθ⋅ℓξ(θ)
θ ∼

π
ℓ

Fourier
transform



Cosmic shear power spectrum
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• with Limber’s approximation, angular power spectrum of 
convergence is 

Cκκ
ℓ = ∫

χs

0
dχ [ W(χ)

fK(χ) ]
2

Pm ( ℓ + 1/2
fK(χ) )

cosmic shear power spectrum



Calculation of cosmic shear power spectrum
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Example of observation and analysis
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Fig. 4. Comparison of the measured tomographic shear power spectra with our theoretical model with best-fit values for the fiducial ΛCDM model. Best-fit

IA power spectra of CGG (dotted), −CGI (short dashed), and CII (long dashed) as well as power spectra arising from PSF leakage and PSF model error

[equation (13)] (dash-dotted) are also plotted. The redshift range of zbest in each tomographic bin is =[0.3,0.6], [0.6,0.9], [0.9,1.2], and [1.2,1.5] from 1

to 4. The right-bottom panel shows the measured non-tomographic cosmic shear power spectrum and the model spectra with the best-fit values from the

tomographic analysis. The CII term is so small that it is absent from all panels except for 11.

plane from our tomographic cosmic shear power spectrum anal-

ysis in the fiducial ΛCDM model. Constraints from cosmic

shear are known to be degenerate in the Ωm-σ8 plane. Cosmic

shear can tightly constrain a combination of cosmological pa-

rameters S8(α) ≡ σ8(Ωm/0.3)α, which we adopt to quantify

cosmological constraints from the HSC first year data. By car-

rying out a linear fit of the logarithm of the posterior samples

of Ωm and σ8, we find that the tightest constraints for S8 are

obtained with α = 0.45. However, the previous studies by

DES (Troxel et al. 2017) and KiDS (Hildebrandt et al. 2017;

Köhlinger et al. 2017) have presented constraints on S8 with

α = 0.5. To present best constraints as well as constraints that

can be directly compared with these previous cosmic shear re-

sults, in this paper we present our results of S8 both for α=0.45

and α= 0.5.

In Figure 5, we show our marginalized constraints in Ωm-

σ8 and Ωm-S8(α = 0.45) planes. As expected, there is no

strong correlation between Ωm and S8. We find S8(α=0.45)=

0.800+0.029
−0.028 and Ωm = 0.162+0.086

−0.044. Our HSC first-year cos-

mic shear analysis places a 3.6% fractional constraint on S8,

which is comparable to the results of DES (Troxel et al. 2017)

and KiDS (Hildebrandt et al. 2017). For comparison, we find a

slightly degraded constraint on S8(α = 0.5) = 0.780+0.030
−0.033 for

α = 0.5. We compare our constraints in the Ωm-σ8 and Ωm-

S8(α = 0.5) planes with cosmic shear results from DES Y1

(Troxel et al. 2018) and also from KiDS-450 with two differ-

ent methods, correlation functions (CF; Hildebrandt et al. 2017)

and quadratic estimators (QE; Köhlinger et al. 2017). Note that

Hikage, MO+ PASJ 71(2019)43 

HSC 
[JP]
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Summary
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• weak lensing shear can be measured by taking average of shapes 
of many galaxies

• when lens objects are a priori identified, their mass distribution 
can be analyzed by tangential shear analysis

• mass reconstruction without any assumption is also possible


