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Plan

® schedule
5/27 (Wed) 2nd, 3rd, 4th periods

6/5 (Fri) 2nd, 3rd, 4th, 5th periods
6/10 (Wed) 2nd, 3rd, 4th periods
6/12 (Fri) 2nd, 3rd, 4th periods

® use both blackboard and slides (slides are uploaded to UTOL)

® questions are very much welcome, please interrupt me at any time!



Reference

e M. Oguri, “Gravitational lensing” (in
Japanese), Asakura Publishing Co.
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| . Introduction



Standard model of cosmology

e Standard model of cosmology assumes dark matter and
dark energy, and consistently explains many different

observations dark matter

— cosmic background radiation (CMB)

IEAVELIaA 26.8%

— Type la supernova

— galaxy clustering

—|gravitational lensing

WESAELTAY 68.3%

dark energy
(ESA/Planck)




Gravitational lensing

\ight pa
e ————————
Source
/\ (original object)

observation (dark matter, BH, ...)

® predicted by general relativity
® deflection of light ray path due to density inhomogeneity

® multiple images, distortion of images, magnification, etc.



Gravitational lensing in Newtonian gravity

i =
GMmb force perpendicular
(bz z2)3/2 |to propagation direction

V)
~ — [ a,dz
c’ J_.,

F|=

C
GMb ] p 2GM
2 ) (b2 +22)32 $T T o

¢ is light path really deflected? (m = 0?)



Gravitational lensing in general relativity

® unambiguously calculated from geodesic equation

d*xH dx?® dx”
+ F'uaﬁ — — O
dA? di dA

o deflection angle factor of 2 larger than Newtonian case

~1
4GM M b
0 = = 1.74" —
c2b M, R

when pass through the surface of Sun




Gravitational lensing in general relativity

" Aclual Position .4 Aovncren! Posihion
of the Star / of the Star

Dislonce from l}\e Ear”'l

to the Slello Beckoround

15 more than
935.000.000.000.000 miles

This Digdrem shows the

proportional Displece ment
of the Stoars inrelobtion o
the disfance from the Sun

Arthur Eddington
(Wikipedia)

isplacement

THE SUN

Dislance froew
the Earth

93.000.000miles T 8§ o~ 2 THE SUN

observation of deflection
% angle in 1919 solar eclipse

i el | //+ /7 . .
- 1.617£0.40" @Principe

e Do ST I 2 | V/4 V/4
=3 - 1.987+£0.16" @Sobal

[/www.astro.caltech.edu/~rjm/Principe/ | 919eclipse.php

e J
~ - - .'.-;':"-' y ™ a

“ THME ORSERVATION STATION: e oy — ’
AT SopRAL. N BraziL S The Coror

general relativity is correct!

s b

http

Taken from the 22 November 1919 edition of the lllustrated London News.



http://www.astro.caltech.edu/~rjm/Principe/1919eclipse.php

e.g., Cole, astro-ph/0102462

Inconvenient truth?

Sobal result is based on a backup 4 inch telescope as main |0
inch telescope data was in trouble

10 inch data indicates 0.93", closer to Newtonian value

Principe data was not so accurate as weather was not good

not clear if data was good enough to conclude that general
relativity is correct

|0



Recent measurement

® deflection angle is tested with accuracy of |0~* from observations
of radio sources behind Sun

0235+164 0235+164
X X

2017/05/02 16:00 S\

0229+131 e 0229+131 B

2017/05/01 16:00

Titov+ A&A 618(2018)A8



Example of gravitational lensing (1)

QO0957+561

first strong gravitational lensing
reported iN 1979 Waish+ Nature 279(1979)381

double images of quasar

|2
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Example of gravitational lensing (1)

___Walsh+ Nature 279(I979)38I
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Example of gravitational lensing (ll)

SDSS 1004

large-separation gravitationally

lensed quasar produced by cluster
Inada, MO+ Nature, 426,810 (2003)

quintuple images of quasar

| 4



Example of gravitational lensing (lll)

SMACS 0723

one of first targets of James Webb ;
Space Telescope (JWST) 4

image released in 2022

many lensed arcs behind cluster

15



Applications of strong gravitational lensing

® strong gravitational lensing produce multiple images and high
maghnifications
® representative applications
— Hubble constant measurement with time delays

— small-scale dark matter distribution with flux ratios and
shapes of multiple images

— distant objects with help of lensing magnifications

|6



Hubble constant (Ho) problem

distance ladder
combine various distance
indicators such as Cepheid
and Type la supernovae

CMB

derive from observed CMB
temperature fluctuation
pattern assuming standard
cosmology

MO Butsuri 78(2023)630

80___— M distance ladder |
B 2 CMB
T 751 T
8_ L T . L] m [ —T
Tt m A 1 L
m L
A
ém— | A
< 1
i1 T 4 7
65 -
2000 2005 2010 2015 2020

Publication year

(—SHOES)

| (+Planck)

>50 |
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Time delay

e different arrival time between multiple images (months or years)

® can be observed if source is time-variable object such as quasar
and supernova

—
A s A U
w
& simultaneously

arrive with emitted
time delay

observer

small Ho = large Universe — large time delay

|8



Time delay in Q0957+561

1995 | 1996

16.8

16.9

177

17.1

16.9

17

17.1

17.2

r
L | 1T 1T 1 | T 1T 1 | L | L

— H, = 85% 3km/s/Mpc

. 800 1000 1200 Fadely+ Ap| 711(2010)246
Kundict+ Ap) 482(1997)75 Julian Date — 2449000 r+AP) (2019) |9




Supernova Refsdal

r

: |

o * Reappearance +|
SY - . l
[

quadruple images S|-54
discovered in 2014

S2
Late 1990s S1 "g}

Early S4
2016 Imaging !

appearance of new image
SXin 2015 predicted

» image SX discovered as
Late 2015 . predicted

07 -2 ' ‘ "

Late 2014 - Early 2015 Imaging + A

Kelly+ (incl. MO) Ap) 948(2023)93 20



Hubble constant with Refsdal

Kelly, Rodney, Treu, MO+ Science 380(2023)abh|322
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Distant objects with help of magnification

® huge progress thanks to James Webb Space Telescope (JWST) 2



Example of magnified distant galaxy

Flux Density (1072 erg s™! cm™2 Hz™1)
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Internal structure of a distant galaxy

Adamo+ (incl. MO) Nature 632(2024)513

critical

curve caustic

a .

image plane source plane

® dominated by star clusters!

24



Microlensing
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MACHO search

BNl B

»
=5

EXIAAE T1. £l B L T * monitoring of stars in
‘ e . B " Galactic center and
e Magellanic cloud

constrain abundance of
primordial black hole (PBH)
with mass 10->-1 Mg

Alcock+ Nature 365(1993)621 ' 26



MACHO search
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Subaru HSC microlensing search

F

Niikura, Takada+ (incl. MO) Nat.Ast. 3(2019)524

repeated short exposure
observations of M3 |

constraint abundance of PBH
with mass |0-11-10-6M¢

28



Constraints on PBH abundance

10° |
_]_ L
% 10 HSC
G
S~
T
mn
(al
G
Lﬂ
10—2 L
OGLE-Il + OGLE-IV 95% limits on PBHs: .
strict (no PBH lenses observed) This work 1
--------- relaxed (Cautun+ (2020) MW model) (OGLE-IIl + OGLE'IV)_
----- relaxed (Han & Gould (2003) MW model)
10_3 I I | 1 I | 1 1 | I 1 | 1 I |
1012 1072 10-° 103 109 103

M (M) Mroz+ Nature 632(2024)749 29



VWeak gravitational lensing

simulated by glafic

simulation by placing
massive object in front
of image

30



Lensing effect on background galaxies

4.
=
C
Q)
ct
D
O
K=3
<
.
B
=5
(@)

no gravitational lensing lens object at center



Reconstruction of mass distribution

MO, Miyazaki+ PAS) 70(2018)526

+02.00°
__+01.50° RN ,
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340.00° 338.00° 336.00° 334.00° 332.00°
RA (J2000)

® reconstruction of mass distribution from coherent distortion of
galaxy shapes along tangential direction

® searching for clusters based on dark matter density map 3



Dec

MO, Miyazaki+ PAS| 70(2018)526
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» ?‘ '
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Three-dimensional dark matter map

redshift

1.0
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Summary

® gravitational lensing is essential tool for studying Universe

® wide applications such as Hubble constant measurement and
studying dark matter

34



2. Lens equation



Geodesic equation

o for affine parameter A, geodesic is
defined by parallel transport of

tangent vector V* to direction of V¥

VE VE=0

m) (V/{a + F”‘aﬁVﬁ) Ve =0

tangent vector V¥ =

geodesic

geodesic equation

ax*

dA,

36



Equivalent form of geodesic equation

(gWV”)ﬁ V=g,V V' =0

y dx?® dx”
— 175804 =0

dl dA
- d ( dx” 1 dx?® dx?
T\ ) T oS

» d ax : dxtdi — ()  geodesic equation
A\ ar ) 25 dn

37



FLRVV Universe

o FLRW metric
ds? = — c2di? + a2 [d;(z + 1200 (d6? + sin? 9d¢2)]
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Geodesic in FLRWY Universe (l)

® can assume it passes through origin without loss of generality

® X3 — ¢
d dx” B 1 dx® dx” 0
A\ ) T T

2nd term = 0 because g, 5, = 0

Ax? integral constant

» 83v = asz sin” 60— v = C‘/ — C = 0 from condition of
d/ d/

dg

passing through origin
d/

=0

39



Geodesic in FLRWV Universe (ll)

e x’=0
d dx” 1 dx® dx” 5 o (
— = — —— = a“fzsinécos
di (gz” di ) 282~ 4k

2nd term = 0 because d¢/dl = 0

do
»5:0

d

d/

>2=0

40



Geodesic in FLRW Universe (lll)

® XIZ)(

7
) 81v

d
» d_/l (glv

dax”
dA

dx
dA

> Sab ™

) | dx?® dx”

v do\* do\
) — a*fy fx [(d_/l) +sin26’(d—f) ] =0

»a2%=C<\. =0

d/
dy 1

=)

dl a2

integral constant = choose 4 so that C' =1

4|



Geodesic in FLRWV Universe (1V)

o Y =t — use null condition ds? = 0

dx* dx*
8uv ™7 =

dl dA

® in summary

c dt 1
=4+
dA )
do
= ()

=

42
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Metric with fluctuations

e metric in Universe with fluctuations (Newton gauge)

2 2 o
ds* = — (1 + %Zczdtz +a’ (1 — jleyljabc’abc]
C C

gravitational potential curvature perturbation

v,idx'dx’ = dy* + fz(y)(d6* + sin” Odep*)

e ® =Y and O,V are small within range of our interest
),

<1 » consider up to linear order of ®,V

P2 62

c2 2

43



Geodesic in Universe with fluctuations (l)

® observer at origin, separate radial coordinates y and celestial
coordinates 6, ¢

yijdxidxj — d)(2 +f[2(()()wabdxadxb l,],+ :from 1 to 3

a)abdxadxb — dez —+ SiIl2 6’d¢2 a,b, - :from 2 to 3

® solution expected from FLRWV Universe case

dx* D dy 1 O cdt 1
=0 — — =—+4+ 0| — —=——+40
d/ c? dl  a? c? d/ a

®
2

)

44



Geodesic in Universe with fluctuations (ll)

e angular part 4 = b in geodesic equation
® |stterm in left hand side of geodesic equation

2nd order
d (N _d o 2 A
— =— |a — 0
o\ T W 72 ) Kb g

2nd order

45



Geodesic in Universe with fluctuations (lll)

® 2nd term in left hand side of geodesic equation
] dx* dx* 1 c dt 2+ ] (d)()z
zgﬂy,b TR 2800,19 i) 2811,19 )

A\ 2 /_&_l}”b
<X)<<1 )

dy 1 OA cdt 1 ()
= O —=——+40
dl  a? dA a -

2nd order 2nd order

46



Geodesic in Universe with fluctuations (1V)

e finally geodesic equation reduces to
dx*
dy

1
+ Zw“b ((D,b + ‘P,b) = ()

d
— [fé()()

dy

equation for light
deflection due to
gravitational lensing

twice Newtonian case!

47



Deriving lens equation (l)

® integrate equation for light deflection from O to y’

D dx* 2 g ab
T 0 =~ dy 0@ ,(x,0(x))
0

e divide it by fIZ{( ') and integrate over ¥’ from O to y,

a a 2~ / 1 ! ab
x“(xg) —x40) = — ZL dy 200) JO dy "D ,(x,0(x))

48



Deriving lens equation (ll)

® by switching order of integrals

)[4 As
x(x) — x40) = - —2[ dy 0D (1. 0()())[ dy
£

)

C

0

%

- OOfrs)

49



Deriving lens equation (lll)

e finally, in vector representation

0

0 = 0(0) — —
) = 00 A O

> Vo@(x,0(x))
C

image 6 (0) =0 @
source O(ys) = B @

..
..
L

lens equation

(integral equation)

*A observer

¥y =0

50



Locally flat coordinates

e change of #(0) — 0(y,) due to gravitational
lensing is small

4

locally flat coordinates

w,,dx*dx" = @, dx°d5" = dO? + do;

W,p = 56119

51



Born approximation

® |owest order recursive solution of integral equation

0(xs) = 0(0) - —[ JCK(%S—%) Vo@(y, 0(0))

image 0 (0) =0 @--....__
source O(ys) = B @————— e —

..
W
-~

..
..
L}

path before Born approximation ﬁ observer

X = Xs y =0

52



Lens equation

e for source position p = 0(y,), image position 6 = 6(0), and
under Born approximation

=0 — a0
o) Ly j filts =)
" * GO

\

Lens potential

D(y, 0)]

® mapping from @ to p

53



Thin lens and single plane approximation (l)

® physical coordinates around lens object (scale factor g, redshift z)
perpendicular to line-of-sight direction Z

X, = af(n)o » X =(X},2)
\)((Zl)

® thin lens approximation
p(X) ~ 6°(Z2) (X))

— J dZ p(X) surface mass density

54



Thin lens and single plane approximation (ll)

e calculate gravitational potential ®(X) from p(X)
Gp(X')

O(X) = — [dX’
|X—X’

|
= — GJdXi—E(Xi)
2
X, - X}

+ Z?

e gradient of gravitational potential

X, -X
X, - X}

) 3/2
(el

Vg = Gafitx) | dX, S(X))

55



Thin lens and single plane approximation (lll)

e adopt following approximation
1 26%(2) 2475 (x —x)

ﬁ: Y _x 2 T P
{|Xl—Xi| +zz} X, - X,

X, - X}

e finally gradient of gravitational potential is

0
Vo®@ =~ 2Ga; { fi( ;(1)}2 oP(y — ;(I)J'dﬂ’—zﬁ(ﬂ’)
0

56



Thin lens and single plane approximation (IV)

® plugging into lens equation

4G — 0—0
= g 20 Wil =) J PRLLLAN
C Je(Xs) |9 _ 9/|
— 1 Cz DOS o c .
— Jchr 2, = 127G DD critical surface mass density
1 0—0
» a(H) — VHW = — JdH,K(H,)—Z K(H) — 2(0) convergence
7 60— 0 Zer

w(0) = ! [dH’K(H') In |0 -6

T

57



| oXimation (
d single plane approx
N
hin lens a

f=0—a@)
lens

plane

e Image /

sourc o

pla/

iImag

ax(0) = Voy
®--..

.....................

/

= l JdH’K(H’)

, 2
0—6
g |
observer 2(0)
source . K(H) | Zcr
object
/ N _
4 Dls DOS
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Fermat’s principle

® light path is determined such
that light travel time becomes
minimum (stationary point)

® basic principle in geometric
optics

® this principle is also the case
for gravitational lensing

minimum
travel timei

59



Lens equation from Fermat’s principle (l)

e Fermat’s principle in expanding Universe is expressed using
conformal time dny = dt/a

(Sszq:()

¢ from metric and ds* = 0

cdn | ® V¥ fiy)  dx®dxb
dy

|2

60



Lens equation from Fermat’s principle (ll)

® plugging into equation of variation

Xs 2 a J..b
5J dx[ ® ¥ [ dx di]

oL oL .
MX—‘W)()) Erwie O Euler-Lagrange equation
b | equation for light
f[z{()()a)abd_] +— (®,+%¥,) =0 deflection due to
A ¢ gravitational lensing

61



Why does Fermat’s principle hold!?

minimum travel time

/’—\
ol *
ght —
Z&f -— W 4/”’/////;ource
i

/
non-minimum travel time

observer

® light travels as if they know “answer” (?)

62



VWave optics and geometric optics

geometric optics 5[d;7 =0

minimum travel time

- *
& — / : —— cource

Il
[

observer superposition of waves

wave optics | @ J@ 0(y)| e

® high frequency limit of wave optics — cancellation of integral
of oscillating function = geometric optics

63



Analog: least-action principle in mechanics

ahalytic mechanics | 05 =0

least-action principle

" /’—\\ initial

end , // point

point ,',,’[
/W

path integral

quantum mechanics | ¢ J P [x(1)] exp (iS[xfft)]

e /1 —» 0 of quantum mechanics — cancellation of integral of
oscillating function = analytic mechanics

)

64



Summary

lens equation is derived from geodesic equation

calculation using various approximations such as locally flat
coordinates and Born approximation

lens equation can be derived from Fermat’s principle

65



3. General properties



Summary of lens equation

source Image
plane plane

iImag

Source

[
‘ il ]

| =
e
-~
[
-~
el
-._-
-~
Dl
[ ]
-
-
-~
-~

I source image deflection angle
ens
plane p=0—a)

a(H) — VHW lens potential

1 0—0
= — JdH’K(H’)
U |6’——‘9/

2

lens observer

/

>(60)
0) =

/ K0 =5
convergence
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Relation between y and k

® operate Laplacian to s

1 _ /
Agy = Vg = — {dH’K(H’) Vo———— = 2«(0)
! 0-0]

= 276°(0 — @) Gauss’ divergence theorem

gravitational lensing version of Poisson equation

68



Relation between k and density fluctuation

e without thin lens approximation

0) = — —CD N
o=z { s Y hn XY
L A I = 00
» O =70 =5 J() “ fx(xs) o
4
_ 4G J fK()(s ) _ 5 4% (1.0)
0 fK()(s)

s
Poisson eq. integration of density fluctuation
along line of sight with weight

69



Image position and multiple images

solve%ﬁ =0 — a(0) for 0
— difficult

— easy

® image 0



Image position and multiple images

solve ﬂ 0 — a(H) for 0 :
—>mult||ale solutions posmble » multiple |mages’

source f @z

— easy



Deformation of image

e relation between infinitesimal vector around source Jf and
infinitesimal vector around image position 60

5B = A(0)50
0 Pro, P I -y —Wo o0,
aoy =L ("o o) _ GO 00
00 Pro, Pao, —Woo, 1 =WYoo

A-1
/\ |
source plane x_ image plane
A

72



Convergence and shear

e from Poisson equation

tr (A) — 2 — 1/1,(9191 — 1/1,6’262 — 2(1 — K)

® define shear

|
V1= 5(1/{9191 — ‘/f,ezez)

m) (A©0) = (
V2 = Wo o0,

I —xk—=n
—/2

—
1—K+]/1

)

/3



Deformation of image due to Kk and y

y1>0

y2> 0

74



Magnification

® Liouville’s theorem indicates that light intensity is conserved
during propagation, so magnification yu is given by

e flux of image is amplified by a factor of |y |

/5



Parity of image

source

f 4
RS

image (u > 0)

parity conserved

image (1 <0)
parity flipped

76



Example

negative parity

positive parity

77



Critical curve and caustic

e critical curve consists of points satisfying detA = 0 (|| = o0)
in image plane

[1-x0)] — |00

=0

® caustic is corresponding curve in source plane

/8



Critical curve and caustic

source plane

caustic

image plane

N
A//,/'

critical curve

79



movie file: https://oguri.github.io/for _presen.html

Creation/annihilation of images (point source)

caustic | critical curve
A source . _ A Image

N 3
(& |

B> [arcsec]
o

6- [arcsec]
O

R B B R
B, larcsec] 6: [arcsec] 30


https://oguri.github.io/for_presen.html

movie file: https://oguri.github.io/for _presen.html

Creation/annihilation of IMAages (extended source)

' L) L l L ] l 1 Ll ) ' l L ) L) L ) I L l L lJ l L l l L) l

caustic critical curve

3

T — .

B> [arcsec]
O

6> [arcsec]
O
e

| 1 1 1 1 | 1 1 1 1 | 1 1 1 1 1 1 | 1 1 1 1 |

— 0 1 ~ 0
B1 [arcsec] 61 [arcsec]

8l


https://oguri.github.io/for_presen.html

Numerical method to solve lens equation

® solve lens equation numerically for @
p=0—-a@)

® search wide area in image plane to find all multiple images

82



Numerical root finding

\\ source
ﬁi — Hi — a(@)

[—

image plane (0.)

source plane (f))

83



Numerical root finding

source =

N VAV

=)

p;=10,— a(@)

image plane (0.) source plane (f))



Numerical root finding

AN

image plane (0.)

source

A

source plane (f))

—
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Image

Numerical root finding

N

image plane (0.)

source

A

source plane (f))

—
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Numerical root finding

critical curve

image plane (0.
multiple images not resolved

-

smaller grid

critical curve

e

image plane (0.
multiple images resolved
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example by glafic (MO 2010, https://github.com/oguri/glafic2)

Code to solve lens equation

20
. - __I” o . o o
image plane | _Aa. S small grid needed only near critical
or S NILA | curve
(@) i : :
E §: it 4 ] o o o
o ML e | e efficiently solve lens equation with
R — adaptive grid
10 - ® in this example /7 multiple images are
source plane | | successfully found
; -
(ﬂl) _ //////
—10 _
|

I—lOIII!OIIIIIOI 88


https://github.com/oguri/glafic2

Time delay

® preparation: cosmological time dilation

e dt o0l (- ]t
% — —

o9 o, @ o i
1 1 1
/S VAVARS o
f + St f+ ot
a(ty)
Oty = o )5t1 = (I + z)or, comoving distance y
1

89



Deriving time delay (I)
® arrival time difference between with and without lensing

[ dt [ dt
At = . -
w/ lensing ¢ Jwl/o lensing ¢
® from calculation in Fermat’s principle

Le | |ae|
L || 5

dy

Af— 20D
o 0 A p) c?

— geometrical time delay A — gravitational time delay A

! geom ! grav

20



1)
iving time delay (
Deriv

lay
e de
ical tim

f geometric
- N o

ulatio

® calc

Jkxs)

...................................................................................

It = 20)

(0 —p)
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Deriving time delay (lll)

o differentiate 0' with respect to y

w0° [0 =) o _ s,
dy ) fx(2) %2
o plugitinto Az, , 2
Ay ] r R0 [dO™ |1 filrs = xfxCo) |%]
tgeom - d)( o fw
- . 9) d){ C fK()(S) 2 ,
1 ) (0]

g = K (a—ﬁ)/ c Jelxs — ) 2

- fK()(s _)(1)




Deriving time delay (IV)

® gravitational potential in lens plane assuming thin lens

2G
D(0) ~ T {fK(xl)}zéD()(—XI)Jdﬂ’Z(ﬂ’)ln Hi—0’|
|
¢ feCafcxs)
= KA 5Dy — (0
2 S XAV
o plugitinto Az,
A = LI o

grav

¢ fK()(s o )(1)
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Deriving time delay (V)

o finally time delay Af using angular diameter distances

1 + Zl |ﬂ 0 |
At = ———— —y(0)
C DIS 2
— geometrical — gravitational
time delay time delay
Atgeom Atgrav

%4



Geometrical and gravitational time delays

Takamoto+ Nature Photonics 14(2020)41 |

o

& Bnger GNSS
" Av =~ 21.18°N\)LYY 450A—K)L BRE R T
I/ — B HE -

IR /N
‘ % .A _
geometrical | % _ 4s04—til
time delay
&1 & B
L g
=
................................ $ 3
Tt 12 9 A O
TEARF ITF \
RIS R 5 (B |
N |
| FEHL—— AR .’
. DO A | o
, 0.0- r r , T - T R é Egﬁﬁ yf,, N . ll ToOTT
Hok 8.0 -100 -50 O 50 100 ol LU7%1 x
LR EL (N ILY) T 0A—RIL
D- Vs
© o)
&
) ° ° °
® gravitational time delay
O 00)76%0 95
©) Google w =



Observable time delay

® what we can observe is differential time delay between
multiple images

|mage A
source
+4— N\ image B
simultaneously
arrive with emitted
observer time delay

Atyg = At(04; p) — At(Og; p)

%26



Connection with Fermat’s principle

e derived expression of time delay is correct even for pair of f,
@ that are not solution of lens equation

2
At — 1_I_Zch)ll)os |ﬂ_0|
C DIS 2

— y(0)

® Fermat’s principle requires light travel time is stationary

VoAi=0 mp  O-p- V=0

lens equation is derived

97



Odd number theorem

® Fermat’s principle = images at stationary points of A#(@;p)

e odd number theorem of humber of

multiple images from Morse theory e e
/Euler y N
e | |

— — _ characteristic
M hin nsad_l_nmax_l_ 1 — X — 2

mi
» Niot = MNmin T Ngad T Nmax = 1 + 2nsad

Odd Lens Plane

® hold only when lens potential is
smooth (e.g., not hold for point mass lens) (M.Werner)

98



Example of odd humber theorem

SDSS 1004

5 multiple images of quasar

929



Summary

convergence, shear, magnification from derivatives of lens
equation

lens equation is mapping from image to source positions

lens equation derived also from time delay plus Fermat'’s
principle

100



4. Examples of solutions of lens equation



Spherically symmetric lens (l)

® setting lens center as origin, convergence of spherically
symmetric lens can be written as x(6) with 0 = | 0|

* lens POtentiaI IS polar coordinates (0,,0,) = (6 cos ¢, 0sin @)
1 o0 2T
w(0) = —J dé”[ de' 0'x(0)Iny/ 62 + 07 — 200 cos ¢’
TJo 0
0 00
— ZJ df' 0'x(0)In 0 + ZI df' 0'x(0)In 0’
0 v,

2rln0 (0 > 0')
2rln @ (0 < 6')

2T _
J dga’ln\/ﬁz 0> — 206 cos ¢’ = xln 5(92 0" ‘92—9'2‘> :{
0 , |

102



Spherically symmetric lens (ll)

® add constant term to lens potential

o0

w(0) — 2[ d0’' 0'x(0)In 0’ — w(O)

0
0

w(0) = ZJ

0
dO' 0'k(0)In (5) function of only 6 = | 0|
0

103



Spherically symmetric lens (ll)

e deflection angle a(0) is

o 0
a(@) = V() = [—ZJ do’ H’K(H’)] 0 =x(<0)0 a6
= Jo —~ g6
® average convergence k( < 0)
— 2 ’ ! )/ / 02
K(<9)=EJOCZ(9 O'k(0) /
p

e setting f = |f|,lens equation is one-dimensional

f=0—a@) =|1-k(<06)|06 .,'é

|04



Spherically symmetric lens (V)

e calculate shear y,, y,

1 |d(k0;) d(k6,) i 07 — 05
== o = — (K = K) N
7/1>O, 7/2:()
d(k6,) (i )26’16’2 N
— = —(K— K =() >0 /17U, Y2
V2 50, 2 y1=0,72>0/) Q
)
o for k(< 6)> k), || < 1, <0, 3700 <D, 7210
image is distorted along tangential Q (D 71=0, 7250
direction around lens center NS S S,

y.(0) = kK( < ) —k(0) tangential shear
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Einstein radius

e when f = 0 image is circle, obvious from symmetry

® |u| = oo, ring for finite source size (Einstein ring)
e from lens equation, radius of ring O is 0}

A 2

106



Total mass within Einstein radius

® mass within radius @ in lens plane projected along line-of-sight
0

M(<0)= Dglf dO0270'%(0)

0 spherically symmetric lens

® observation of Einstein
radius provides

ol "Ein“cr

general relation that

holds for any density D —

profile of lens line-of-sight

107



Multiple images for spherically symmetric lens

® one-dimensional lens equation

B=0—-a@) =|1-k(<06)|06 0

e extendto 0 < ()
a(-0) = — k(< 6)) WP a-0)=—a(0) .
w(—0) = w(0) ‘0

® diagrammatic approach

{Y:H—ﬁ

their intersections are solutions of lens equation
Y = a(0)

|08



Diagrammatic approach

>

3 images—Y=0- Y=0-§ + | image

extend to 6 < O by
a(—0) = — a(0)

109



Multiple images for point source

A A

(32,62 02,02

3 images | image 10



Multiple images for extended source

B2,6:] e tangential magnification
' 01

T T -k

e radial magnification

db 1

T8 T 1= 2k +k

® agree with u from definition

1

H= e = Q-0 —2¢+ 70



Example: point mass lens (l)

® mass model for star and black hole
p(r) = MS°(r)

daGM D,
0) = —5°(6
) «0) =—; 55> @

] 1 AGM Dy, 1
) (<O)=—| dKO)="—
7[9 ‘0/|<9 C DOIDOS H

e FEinstein radius is derived from k( < O: ) = 1 as

A4GM D 62
H . — IS — — ElIl
Ein \ -2 D01 Dos » K( <0 ) 02

| 12



Example: point mass lens (ll)

® |ens equation
2
eEin

v

p=0-

® |ens potential
w(0) = 0 Inf

® always 2 images

| 13



Example: point mass lens (lll)

e setting normalized source position as y = /0.

[ 1,2
_I_
‘91 _)7— Y 4 y—=>0 0, -0, 0_— -0

6’Ein 9) y—>o0 0, —>p)p 606_-0

4
ﬂzll_(HEin>] =1i v+ 2 y=>0 p,—>+o00 pu_ ——o

2 2y1/y2_|_4 y—>oo pu, =1 u_ — 0

| 14



Example: point mass lens (1V)

® time delay

1 4+z DD 02. AGM(1 + 02.

c Dy 20% c’ 20%

~Schwarzschild radius / c
® observable time delay

2 2
AGM(1 +z) | VY T4 VY Aty
Bt U P R Y L —

ANO_; p) — AKl,; p) =
i C3 2 y2 1 4 — y
arrive 0, first, then 0_

increasing function of y e



Example: point mass lens (V)

A A

ﬁ 29 6> ﬁ 25 67

eEin

1,61

y = BlOg, small > Atsmall,u, ~ |u_|>1 y=p/0, large = Atlarge,pu, ~ 1, |u_| < 1

similar qualitative behavior in other lens models 116




Example: singular isothermal sphere (l)

(SIS)
® mass model for galaxy (and cluster)
-2
r) = o : velocity dispersion
p(r) Sy y disp
202 D olD Is > 1 27[02 D Is 1 ‘9Ein
) «(0)=— dZ——— = =
c> Dy J_. Z?+ D36’ c2 D, 0”7 20

_ 4ro* D 1 O,

c: D, 0 X

6’Ein —

2
¢ DOS 117



Example: singular isothermal sphere (ll)
(SIS)

® |ens potential, deflection angle

l/j(e) — HEine

e extendto d <0 N
>_‘ 0 _1:—/'{+ ................... d
9|

® 2 images for ff < 0., ;
| image for / > O

| 18



Example: singular isothermal sphere (lll)
(SIS)

e setting normalized source position as y = /0.

Hi _y_|_1 y_>0 ‘9+_>9Ein 0_ — ‘9Ein
O~ vl 0= 205, 0.0
—1
B l_HEm _1+l y—=>0 p,—>+00 p_—>—o0

Pt = T y—=>1 u, -2 u_—0

0. y +

2

/’ttot=|/’t |‘|‘|/4_ Z;

o (. —0_=720g, = measure 0g;, from multiple image positions
1 19



Example: singular isothermal sphere (1V)
(SIS)

® time delay

1+ZID lDos

A1, ) = 00 92 | — —
( e ﬂ) c Dls Ein o

® observable time delay ,
I +2 DyDys I + 7 DyDy [ 4no”
AKO_; p) — AKO,; p) =2 O,y = 2 y

c D, " c D, o

arrive 0. first, then 6_ , , ,
increasing function of y

= expression with 6,

120



Example: cored isothermal sphere (1)

® mass model removing central singularity of SIS

02 1 : : : 476° D I
p(r) = —— o : velocity dispersion 6, = 0. =
271G 12 + r? c? Dy D,

26> DD 1 O,

Z— =
c? D J_OO 2>+ D50>+605) 5 [g2 02
0
=9—g (,/92+e§—ec)

» w(0) = 0, [,/9%93 —6.1n <ec+\/92+93)

121



Example: cored isothermal sphere (ll)

® |ens equation

0
ﬁ:&-%(,/@%eg—a))

e 3 or | multiple images

>~ Of

122



Example: NFWV profile (l)

® mass model of dark matter halo

Ps

PO = I+ 1)

® deflection angle etc. can be computed analytically
Bartelmann A&A 313(1996)697,Wright & Brainerd Ap) 534(2000)34

123



Example: NFWV profile (ll)

e 3 or | multiple images, magnification relatively high

50+

- 5

407
30

20F

10}

124



Example: power-law lens (I)

e useful for investigating radial profile dependence

p(r) < r

1 B max. 2
- B 0 ! Y= a(0) n > 2 multiple
» K( < 9) — 9 Images max. 3
Ein

n < 2 multiple

G 2= images
» (1(9) — HEin 0
eEin
3

125



Example: power-law lens (ll)

® radial magnification at Einstein radius

1

.. ) =m ————  —
0] =5 1 - k(@) 71

® 4 large for small n7 (shallow radial profile)

» relatively large magnification of NFWV profile

126



External perturbation

® one of causes of non-sphericity

® perturbation by external object
with lens potentialys,

l//ext(a) — WX(H — HO) 0() — (90 COS @y, 90 S1n gﬂo)
l//ext(e) — l//X(H - H())

0 = (6 cos @, 0sin @)

external
perturber ys

external perturbation to lens

127



External convergence and shear

® Jaylor expand

0 1
l//ext(a) _ WX( 0()) + 0 WX + —0 . H (WX(_HO)) 0

00 2

e 1)

constant constant deflection lower order term
—ignored —degenerate with § that is meaningful

KX(_HO) — Kext
yXl(_HO) = — Vext COS 2¢O » Wext(a) = — |Kext = Yext COS 2(§0 ¢0)]

7X2(_0()) = = Yex SIN 200, / \
external external

convergence  shear

128



Example: SIS plus external shear (1)

* ¢, = n/2 without loss of generality

w(0) = 6. 0 + y‘;’“ 0% cos 20 = O [ 67 + 62 + y‘;“ (02 — 62)

® |ens equation

ﬁl — [(1 R yext) 0 — gEin] COS @ = (1 o yext) 6’1 o

IBZ — [(1 T }/ext) 0 — ‘9Ein] SiIl(p — (1 T yext) 92 o

129



Example: SIS plus external shear (ll)

® calculate inverse magnification

eEin
v,

® critical curve in parametric representation

/,t_l — ] — yezxt — (1 — Vext €OS 2g0)

I = ex COS 200

H(§0) 1 _ Yext HEm » ﬁl«”)

caustic

Pr(@) =

astroid
130



movie file: https://oguri.github.io/for _presen.html

Example: SIS plus external shear (lll)

21 caustic - 2 critical curve :
A source . _ A Image
A
1t : 1t RN :
A \
e r— \\
O O il
) \ )
) )
N\ N Jf|
Q. D /
//
= I / :
_2 | - _2 i -
-2 -1 0 1 2 -2 -1 0 1 2
B, larcsec] 6, larcsec]

131


https://oguri.github.io/for_presen.html

Mass-sheet degeneracy

e consider effect of external convergence
92
l//ext(a) = 7 Kext — Vext COS 2(§0 — (pO)]

® |ens equation with external convergence
p=0—-a) —«k..0

) (1 -k, ) =0 (1K, 'a@)

trz;)nsforn;l trz;)nsforn;l image position 0
unobsServabie unobServabie »
unchanged

image position deflection angle
132



Mass-sheet transform

® observed image positions unchanged by following transform
2
9|
2

W(0) — (1 — ke )W(0) + Koy
p— (11— Kext)ﬁ

g

exactly same
Image positions
133



Magnification and time delay

® magnification changed by mass-sheet transform, ratio not changed

~2 H H
po—=> (1=K H » — - —
usually cannot be ﬁ i
observed observable from flux ratio of multiple images

e time delay changed by facto fo (1 — k., )

2 2 2
Catd — (@) - (1—k.,) 04| — @) | — k. (1 —x )|ﬁ|
2 W ext 2 W ext ext 2

not contribute to

» systematic error in H, measurement  ©observable time delay
| 34



Elliptical mass density distribution

® about convergence of spherically symmetric lens x(6)

—

07 ,
gt

® l|ensing properties analytically computed only for some lens
models, for other models numerical integrations needed

6’—>v=\

|35



Summary

® in the case of spherically symmetric lens, lens equation reduces
to one dimensional equation

® number of images and configuration easily understood with
diagrammatic approach

® number of images and their configuration becomes complicated
for non-spherically symmetric lens

136



5. Strong lensing



Strong lensing analysis

- .\ | ..‘ ;.'_' * .. ',’".' . |
® observables: multiple image positions, flux ratios, multiple

image shapes (galaxies), time delays (quasar, supernovae, etc.) 138



Strong lensing analysis

® multiple image positions
common source position / — HJ- — a(Hj) =0, — a0,

constraint on mass distribution

® parameters determined by minimizing chi-square

number of sources number of multiple images for each source i

\ obs ‘
sz — sz(ﬂi§ Pmodel)

N. N
Yoos= D, D, =

l i
i=1 j=1 Uy,

error of image position
139



Evaluating chi-square in source plane

® need to solve lens equation in evaluating chi-square

2
obs g ‘
01] 01] ﬁ i> P model) :
lens equation

— multiple image position
for source 1

l

Kpos = 2 Z

=1 j=I1 l]

® avoid solving lens equation using approximation

[A(H 2P, pmodel)] [ﬂ Obs(pmodel) — ﬁi]

N; Ny
2~
)(POS o 2 Z 2

i=1 j=1 ij

2

fast evaluation possible 140



Flux ratio and time delay

o flux ratio

obs

)(ﬂux Z Z [l]

o7
=1 j=1 ]

fred|

‘ Iulj(ﬁl’ pmodel)

® time delay

l

fia = ZZ[

i=1 j=1 GA”]

2
obs (ﬁz’ pmodel) o At]

141



Example: quasar lensing

® quadruple quasar lens VWFI2033-4723
z,=1.662,2=0.66 1, maximum image separation 2.53 arcsec

Bonvin+ A&A 629(2019)A97

SMARTS
18.2 _
__18.4 ;:4 b 9 : N¢.
g S . &4 + I ¢ %#
= % v q ¢ Fy
© 186 o 4 s Ty o o :}”
9 . aF A % ¢ A
S 18.8 + % it : : %&# 4
:'é’ B ¢ ‘Q ~w ; B sﬁ:.? J&%‘# é + : #‘
3 ) AL Yoot W:F . o # ‘ byoo M +
z 19.0 - 08 t& + t 'ﬁ% j J +
. ¢ o *# d ** H # {‘ 'ﬁ +0# t
AN YIS | I -
C ‘++ ° ++ %J +{¢ * ¢ * B +*ﬁ +
1921 55 T%V h ‘ﬁ % 4 ‘+: +ﬁ
SRR ﬁw
w4
53('300 54(I)OO 55(')00 56600 57('300 58600

HJD - 2400000.5 [day]
Suyut+ MNRAS 468(2017)2590 time delays from ~ 13 year monitoring (max.~60 days) |4



Mass modeling

® mass modeling of WFI2033—-4723

observational constraints: image+lens position, flux ratio, time delay

N...=15

const

assumed model: singular isothermal ellipsoid+external shear
+higher order perturbation (+source position, H)

N, = 12

param

degree of freedom (dof) 15 — 12 =3

143



B> [arcsec]

Result of mass modeling

e observed image positions etc well reproduced y*/dof = 4.3/3

- caustic
A source

0, [arcsec]

@)

critical curve
A 1mage

6, [arcsec]

| 44



Extending to power-law ellipsoid

® constraint on slope is
relatively weak

p(r) o r

® mass within Einstein radius is
robustly constrained

Hmax = 26’Ein

)
V

| X

107

0.1

1F

positions of 4 multiple images

+t—>

68% confidence

interval

A TR S

6 [arcsec]

10

145



Constraint on Hubble constant /|,

15 - -
- SIE

ﬁ power-law -
10} -
< | 2.5
o)
'®) L
— - _
= |
5- 7 [
- M i
%0 — 100 150 50 100 150
Ho [km/s/Mpc] Ho [km/s/Mpc]

® constraint weak for power-law ® degeneracy between 1, and slope

(=mass-sheet degeneracy) 46



Improving constraint on

Wong+ MNRAS 465(2017)4895

1.4

HEQ0435—1223

1.2 F

—
-
|

(18‘

Flux (arbitrary units)

=
>

-

lensed quasar host galaxy

4000 4100 4200 4300 4400 4500 4600 4700
Rest Wavelength (A)

Suyu+ MNRAS 468(2017)2590

mass model constraint from lensed mass model constraint from velocity

quasar host galaxy shape dispersion of lens galaxy 47



Example: cluster lensing

SMACS0723 JWST]

® one of first targets of James
Webb Space Telescope

(JWST)

® 43 multiple images from |4
background source galaxies

148



Derived mass model

149

7 5 T
@ 8
" . ’
- SO
hets s
*0 . .
50 . e
. : 0 v O
» 2
-
A -
™ - ﬂo
o™ .
m.l..o wono o
=0
50
. Mo
. 20
. <O
mo mo o~ ‘ » ;
% O o = g
o o - ™
/0 L 3Qﬁ‘u

critical curve for z.=10



Average convergence

positions of 43 multiple images

multiple images for a wide range

of radii
2

density profile well constrained
including slope

O [arcsec] 50



Source redshift dependence

1.0

0.0

redshift range of 14 source galaxies

10

Op;, depend on
source redshift

Oci, [arcsec]

20

—_—
-

redshift range of 14 source galaxies
-

1 10
Zs

» constraint of K( < O;,) = 1

at multiple radii

151



Issue of cluster lensing

observed image position

significant difference of
Image positions

originate from complicated
mass distribution in real
cluster

|52



https://github.com/oguri/glafic2

Issue of cluster lensing

6 O ' ' | I r 7]
N
...
=

dark matter distribution

\

40

20 »

0, [arcsec]
o

_20t

—40 ¢ EEEE
S
_ 50 e e e L L L

® detailed mass modeling using >100 multiple images 153


https://github.com/oguri/glafic2

Example: extended source

o fitting all pixels

2
N, [fObS(ixa iy) _f (ix9 iy; P source’pmodel)]

, N,
)(ext Z 62(i l)
=11i=1 wY
challenge:
computational cost
- - complex source morphology

complex mass distribution

SDSSJ002927.38+254401.7  result of mass modeling

Shu+ Ap| 824(2016)86

154



Small scale dark matter distribution

MGO0414+0534

A2 @

L’ L
A1

model ~1|:|

flux ratio of multiple

. . change of shape of lensed extended source
images of point source '

|55



Small 106M® object detected in B1938+666

m—— 2’00 mas s
Powell+ Nat.Ast. 9(2025) 1714 156




Strong lensing probability

® strong lensing produced only when lens object is located
along line-of-sight of source — strong lensing probability

* source
object

source
object

S

observer

* source
object

157



Lensing cross section

e area (solid angle) o, on sky within which background
source is strongly lensed for a lens

SIS

eEin

B2l

Ag
™~ | image

AS

2 images

L1

>

2
area JZHEm

_ 0?2 L
o, = nl;. when strong lensing is

defined by forming multiple images

(only for SIS, different for different mass model)

158



Calculating strong lensing probability

e strong lensing probability for source at 7,

l VQ 7 > <] S
dz‘/

C - . ,
comoving volume element 0 = f2(x(2)) 0o mas;ffluenncstlon lensing cross section
| <]

<

o for SIS, velocity dispersion ¢ corresponds to mass

5 d*V (®  dn
e sl(Zs) = le dG—GSI(G; <t Zs)
velocity dispersion
function

159



Calculating strong lensing probability

® observed velocity dispersion function

dn - o\’
— x o ‘exp | —| — a~1,p~206.~200km/s

do

O«

lens galaxy is typically
massive galaxy (elliptical galaxy)

160



Source redshift dependence

o forz <1

d*V
ledQ

‘ 3

P sl(Zs) X &

X Z12

® increasing function
of Z,

0.1 T 10
161



Contribution of cluster

1072 —
dark+stellar mass : NFW+galaxy

—_—
-

—
IIIII

6.ax [arcsec]

—
—

4

107°

I R T

B AT 1 15
M[h—M] Omax [arcsec]
density profile of cluster is NFW-like cluster contribution to total lensing

probability is minor 162



dN/dlogqo AB

-
-
N

=
-
N

=
-
W

Abe, MO+ OJAp 8(2025)8

Salpeter

« host halos
subhalos
OM10+

AO < 2/36psf

Galaxy Group. | Cluster
y €5

< ) 4

100
AQ [arcsec]

Mock catalog of strong gravitational lenses

® halo model approach with
halos, subhalos, and galaxies

e NFW for halos/subhalos
and Hernquist for galaxies

® naturally predict transition

from galaxy- to cluster-scale
lenses
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New sources

gamma-ray fast radio
burst burst

supernova ravitational waves

see MO Rep. Prog. Phys. 82(2019) 126901 | 64



Summary

® mass distribution determined so as to reproduce observed
multiple image positions

® degeneracy between Hubble constant and lens mass distribution
when measuring Hubble constant from observed time delay

e strong lensing probability is increasing function of source
redshift

|65



6. Microlensing



Point mass lens

® play central role in microlensing

, _ [4GM D
o _\ 62 DolDos
b
HEin
o) y2+2
HiotY) = — F——
tot ) ,—yz —
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Magnification curve

® ignore acceleration, assume constant velocity

J(0) = 1 32 + (Lo ime ety =
)/' 0 tE in vV, / {(l-l- Zl)Dol}

.
.
.
.

impact parameter —_—F >
: , .-~ source :
Yo=Po/Bkini .-~
+ 2)D10g;n o YO

Igin = — Einstein time lens
1

2 s
o} +2
/’t( t) — /’ttot(y( t)) - V=0 /6kin=1

v/ Ly} +4
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movie file: https://oguri.github.io/for _presen.html

Microlensing animation

I ]
1 — _|
5
5
]
N 0 -
(Yu]
-1 —
I I Ll I |
-3 —2 —1 0 1 2 3
6x/eEin
6_ | | IS B B N B B |
o O —
S L
T 4 —
A= -
.E 3_ —_
%ﬂ -
c 2 _
I I I Ll I |
-3 —2 —1 0 1 2 3
t/t'E:in
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Magnification curve for point mass lens

. 18_‘

2_‘ gl

L 7-
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I e — T % 5t
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X 0 T 3
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aF e © 5l

o
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Physical quantities from magnification curve

® physical quantities obtained from magnification curve are

Po
Yo = O » degeneracy between mass M,
velocity v, distance D
(= (1 T ZI)D OIHEiIl y L
Ein — .

Vv

® need other observables to break degeneracy
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Effect of finite source size

® source is not point-like but has finite radius

Py = p- normalized radius of source
HEin
) /(1.p:) = | e | dopm {y) +pcosgp}” + {psing}
40 0

assume uniform brightness

0. can be inferred if . is estimated with some methods
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Magnification curve for finite source size

Z 18_‘
2_‘ gl
L 7-
Z __ 6;
L =
Z 3 >
s | s 4
X O S 3
Q| =
i -
| :
af e T 5l
_2:_
lllllllllllllllllllllllll 1F
-2 -1 0 1 2
ﬁl/eEln
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Microlensing parallax

& ......................................................

observer2 e

K

observer |

LT,

® observers at different positions — different source positions —
different magnifications

® distance between observers known = ~ D@L. can be measured
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Various parallax

.. |orbital parallax

Sun ‘ *source

Earth /
trigonometric parallax

satellite

(L2) @

* source
Earth /
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Orbital parallax

magnification u(t)

10

~ O OO N0

w/o orbital parallax
w/ orbital parallax
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Trigonometric parallax

————————————————————————————————————————————————————————————————————

-----
...........
-
.- ..

- *
e =)
000000
oooooooooo

10F .

magnification u(t)
w

> O OO N0

observer T
observer 2
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Examples of parallax observations

150 Wyrzykowski+ MNRAS 458(2016)3012 Yee+ Ap] 802(2015)76

. T T \ ' | I | | l l ‘ | | | \ I I | ‘ | | |
| —— standard — =
y L | — parallax B £ ' =
15.1¢ 1 14.8 — L opitzer .
= 15.2| - ) -
o —~~ B / 2D & ]
& (L_'.; 15 |— ' -
~ 15.3} o 7 s -
154 B 15.2 — // y OGLE ' .
0.04 I - _
0.02} i

O OO 154 | | | ‘ | l | ‘ | | | ‘ | | | ‘ | | |

' ) 6780 6800 6820 6840 6860 6880
—0.02} E :8% =TT 1 ] T T =
—0.04} : S T 0 oo safidRings o co-o>—o—3
' ' l | | ® 04 = L1 L1 L1 | || =
2000 2500 3000 3500 4000 4500 5000 S
HJD — 2450000 |days| HJD — 2450000
orbital parallax trigonometric parallax

(OGLE3-ULENS-PAR-02) (OGLE-2014-BLG-0939) 178



Microlensing probability

® calculation similar to strong lensing probability

P (2> 1) = [st i J dM—‘mo- (M > 1)
: th 0 ldzldﬂ 0 dM : : th

: : : Einstein radius of point mass lens
® microlensing cross section /
: _ 24 D
Gml(M, Z]? Zs? > ll/tth) o ﬂeElnyO, max(ﬂth)

- 4nGM Dy

calculate from . (y) of point mass lens c2 DolDos

. , p)
Yo maxn) = ———————
P/ M — 1+ pg — 1 .

2
y(), max(ﬂth)



Microlensing probability

® probability is proportional to mean mass density of lens

> dn
[ dMM —— = p
0 dM

® does not depend on mass M!
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Microlensing rate

® probability that microlensing happens within a unit time

S d*V [®  dn doy,
l—wml(zs; > /’tth) — dzl dM —

0 ledQ 0 d_M dt
d5m1 B 29]%iny0, max
dt g

» [~ t_ , depends on lens mass M through f;
Ein
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Dark matter search with microlensing

100 ————
_]_ L
% 10 - HSC
G
S~
T
mn
(al
G
q!
10—2 L
OGLE-Il + OGLE-IV 95% limits on PBHs: .
strict (no PBH lenses observed) This work 1
--------- relaxed (Cautun+ (2020) MW model) (OGLE-IIl + OGLE'IV)_
————— relaxed (Han & Gould (2003) MW model)
10_3 1 I | 1 I | 1 1 | I 1 | 1 I |
1012 1072 10-° 103 109 103

M (Mg) Mroz+ Nature 632(2024)749 182



movie file: https://oguri.github.io/for _presen.html

Non-spherically sym. lens: caustic crossing
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Microlensing by binary lens
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Microlensing search of exoplanet

Bond+ Apj 606(2004)LI55 MAGNIFICATION MAGNIFICATION

10

Magnification
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Microlensing at cosmological distances

Fudamoto+ (incl. MO) Nat.Ast. 9(2025)428

Abell 370, the Dragon at z=0.725

0.0

— 2012 ' 2014

| T 2016 |
Year I 86



Summary

* from observation of magnification curve, information on impact
parameter and Einstein time are obtained

® degeneracy can be broken by finite source size effect or
microlensing parallax

® microlensing probability constrains fraction of compact dark
matter
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/.Weak lensing



Principle of weak lensing measurement

each galaxy has intrinsic shape (ellipticity), but assume its
orientation is random

by taking average of galaxy shapes in some region, intrinsic shapes
are average out, and shear in that region can be inferred

)6 o
|\ S $ inferred
<& shear
\ o average
shape

|89



Shape measurement method (l)

e define galaxy shape by 2nd moment of intensity /(@)
| d61(6)0,9,

o = T I010)

coord. origin = galaxy center

e define complex ellipticity and shear for convenience

Q11 — Oy + 2104,

€ =——  complex ellipticity

Q11 + O

y =1+ complex shear
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Shape measurement method (ll)

o from off = A(0)60, relation between intrinsic shape QCEZ) and

observed shape Q , is

dpl
O 5) — M ~ A A, 0. A:Jacobi matrix

b
’ | dp1(B)
intensity conserved I®(f) = I1(0)
small galaxy shape Jdﬁ = [dH | detA | ~ | detA | Jdﬂ
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Shape measurement method (lll)

® inserting expression of Jacobi matrix to compute
(1 —x)%e — 2(1 — )y + y%e*

(S)
€ = ee,eeelelelejJ E,c r’rAAAPrrP P
(1 — )2+ |7]* = 2(1 — K)Re(ye*)

. e—2g+ g%t e® + 20 + g2%®"
- 5 E=——m—m—mom—
I +|g|” — 2Re(ge™) = | + | ¢|? + 2Re(ge®")
Inverse
§ 7 —8

reduced shear
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Shape measurement method (1V)

® ignoring higher order terms and take average

@ ~ (e +2g) ~ 2(g) ~ 2<L>

average of observed average shear in
galaxy ellipticity in some that region
region on the sky

' 4 & =
|\ ® $ inferred
<& ; h
\ o average e

shape
193



Noise of weak lensing measurement

® ignoring higher order terms and take average
(€) = () +2(y)

noise signal

~ 6/2/\/N

y ~ 0.03 (galaxy, cluster) 0.003 (cosmic shear)

» shapes of N ~ 10° — 10° galaxies needed

intrinsic ellipticity ., ~ 0.3
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Bridle+ AnApS 3(2008)36

Measurement in real data

Galaxies: Intrinsic galaxy shapes to measured image:

. [
. 0
. 0
[
0
' r
. r
. r
Intrinsic galaxy Gravitational lensing ﬁtmosphere and telescope  Detectors measure B Image also 0
(shape unknown) causes a shear (g) 1 cause a convolution a pixelated image : contains noise 0
infer this :  observe
Stars: Point sources to starjlmage . : these
. r
. r
. r
' r
[
. r
. r
: r
Intrinsic star Atmosphere and telescope  Detectors measure Image also I 195
(point source) cause a convolution a pixelated image B o Lontains noise _'



Tangential shear analysis

® determine origin,and measure tangential
shear y, and cross shear y, around it

® lens signal corresponds to 7,

0, 1
&

Q.

=

= .
y O
o

o
<

el

=3 .

S origin >

lens object at the center 196



Tangential shear analysis

e definition of tangential shear y, and cross shear y,,
y_|_(0) — = }/1(0)(:08 2(p — yz(H)SIH 2(p — — Re [y(0)6_2i§0]
7(0) = 7,(@)sin 2¢ — y,(0)cos 2¢p = — Im |y(@)e |

o for spherically symmetric lens (Chap. 4)
74(0) = k( < 0) — k(0)
}/X(H) =0
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More general (non spherically symmetric) case

® average convergence K( < ) and azimuthally averaged
convergence k() for general mass distribution

| |
(< 0) = —[ do'k(0) = —J do'V (@)
0’| <6 10| <6

702 276?
= > 20 O P 30 2D Gauss’s theorem
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Tangential (cross) shear in general case

® by taking azimuthal average, relation similar to that in spherically
symmetric case holds in general

27
(0) =k(<0)—x"(0)

do
Y o(0) = [ —7.
0 2

Zﬂd¢

Vs (0) = [ 2—}’+(9) =0
0, 2m
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Tangential shear analysis

e define annulus with radius @

e take average of tangential shear of
each galaxy j in the annulus

Zj ij+j .
w; : weight
Zj W;

® compare observed 7, () with

theoretical model to infer physical
quantities of lens such as mass

77+(‘9) —
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Example of analysis: SDSS| | 138+2754

Y+ (6)
X yYx(6)
— e SIS
SDSS J1138+2754
\V\. |
X \ \+~ ~~~~~ '
J -+ ‘*;..+.___“ +__-:
.................................................... )|< **.,."*,.m_
K K |
. Gl 1 10
Subaru/Suprime-cam gri-band O [arcmin]
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Differential surface mass density

®* when redshift of each source galaxy is known, one can multiple
tangential shear by critical surface density to obtain differential
surface mass density

2] Wﬂ/+]zcr(zla Z])
e additionally can take average of lens i
Z i Z ] Wij}/ ijzcr(Zi’ Zj)

Zi ZJ- le

A2, (R) =

A2, (R) =

202



Stacked weak lensing analysis

MO+ MNRAS 420(2012)3213

1016F i
f ° stacked weak lensing :
e e NFW '
S | _+_‘t‘
g _+_‘ g
—$-.
= -§>\+
> 1075 “t
= E *,
— Pt
LS X
M *
< —f*_% '
ol lRes
0.1 7 o
R [h~tMpc]

e average of differential
surface mass density of 25

clusters

| ® precise measurement of

dark matter distribution
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Stacked weak lensing analysis in 2D

MO+ MNRAS 420(2012)3213

e stacking shear field in 2D aligning
major axis from strong lensing

® significant project ellipticity (non-
sphericity) with axis ratio of 2:|
detected

y [h~'Mpc]

e confirm important cold dark
matter prediction

x [h-"Mpc] 204



Detailed analysis of dark matter distribution

Fujikawa & MO OJAp 9(2026)6 1580

18] 109 < logM. < 111 - dlffere.ntlal. surface mass density
: —- AY, i analysis using 30 million source
— galaxies and | million lensing
| .
O 1014} galaxies from Subaru HSC
29 survey data
'§1013: | ® detect signals down to ~10 kpc,
G | allowing analysis of central dark
g and stellar mass distributions of
1012 4 galaxies with weak lensing
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Halo mass-stellar mass relation, stellar IMF

Fujikawa & MO OJAp 9(2026)6 1580

both directly B SSLHH E i .gTz:lfs’Qwork -------- '
measured by 10-11 3 | — Salpeter IMF _
weak lensing | 1 | o

A 1

- | |

T~ _

= ——

E‘I‘ . |44 more W :

than Salpeter IMF e
10—°F
107 10%

Mnrw (Mo /A 206



Dark matter map

e tangential shear analysis requires assumption on lens center

® itis possible to reconstruct dark matter distribution without any
assumption — dark matter map
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Kaiser & Squires Ap] 404(1993)441

Kaiser-Squires method (l)

e relation between complex shear y(€@) and convergence x(0)

w(0) = ! [dH’K(H’)ln 60— 0

T

I 07 — 07 — 26,6,
» y(0) = — Jdﬂ’K(ﬂ’)D(a -0 D@) = ——12
) 0
® Fourier transform (convolution— product)
£t — 5+ 2it ¢,

] R} N
y(€) = —k(€)D(Y) D) =nxn -
. i
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Kaiser & Squires Ap] 404(1993)441

Kaiser-Squires method (ll)

® expression of convergence in Fourier space
3 I, =
R(C) = ;}/(b” )D*(Z)

® expression of convergence in real space

k(@) — xy = l [dH’;/(H’)D*(H — 0

T

constant
(mass-sheet transform) correspond to £ =0

reconstruct mass distribution k(@) from observation of galaxy shape y(0)

209



EB mode

® rewrite equation of convergence (k) reconstruction

| 0 6 1 0 6
<(0) — K, = —[dH’ 700 i—[dﬂ’ 950

2 2
JU |0 — 0 JT |0 — 0
E-mode y(0) B-mode y;(0)
(convergence) (zero)

v, (0" 0) = — 7,(0)cosCLpg_g) — 1,(0")s1n(2py_p)
(0" 0) = y,(0)sIn(2pg_g) — 7,(0)cos(2py_g)
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K reconstruction = EB mode decomposition

] o
7> — 7@ 71920 /) re
O g J ey
O A pe-o O % Cpe'-es
COnvergence % D & — & O Zero
K(H) (check for systematics)
] o
|7E(6)<0 O 7+(9'39) yB(e)<0\ Q y-(8'36)
-
0'-6 0'-6
- PO / pee )
O ) Q () N -
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Cluster search using dark matter map

MO, Miyazaki+ PAS] 70(2018)S26
- S mT— !

bar: shear

\ S\ . Y color:

convergence

can search clusters (peaks in map) from purely gravitational effect
216



Density distribution from weak lensing

® relation between k and 0,
X

k(@) = J dy W(y)on,(x,0)
0

3Q,.0H8 filxrs — 0(x)
2C2 le K ()( s)

W(y) =

® integration along line-of-
sight with weight that
depends on source redshift
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Reconstruction of 3D density distribution

e from convergence with different source redshift x(@; z ;)

k(0:2,,) = ) Ay W5 2 )81 )

J
=) 6,.0,.0) = ) [ij W(y; zs,i)] " @ 2.

3D reconstruction possible
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Example of 3D reconstruction

=

redshift

Dec

e
1.0
P

MO, Miyazaki+ PAS] 70(2018)S26 0.1 219



Quantify density fluctuations

2-point correlation function =,

shear y(0’)
\"’\ shear y(0’

angular power spectrum

C,= Jdae—w'fg(e)

0)
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Cosmic shear power spectrum

e with Limber’s approximation, angular power spectrum of
convergence Is

— rsd%[W(;()rP <f+ 1/2)
L T ] T\ i

cosmic shear power spectrum
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(0 + 1)CK/2m

Calculation of cosmic shear power spectrum

power spectrum
shot noise

108 10%
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1(1+ 1)CEE /27 10~4]

Example of observation and analysis

0.1

0.01

Hikage, MO+ PAS] 71(2019)43

No tomography

Hikage, MO+ PAS| 71(2019)43

- 10
=
< DES
N J<i CMB
iz | ot g
>=
- =
g QOB-
S
w |
0 ().7 -
£ KiDS
o)
: [EV]
0.6 | | | |
0.1 0.2 0.3 0.4

normalized matter density ()
(dark matter + baryon)
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Summary

® weak lensing shear can be measured by taking average of shapes
of many galaxies

® when lens objects are a priori identified, their mass distribution
can be analyzed by tangential shear analysis

® mass reconstruction without any assumption is also possible
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