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宇宙の大規模構造
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• 宇宙の大規模構造はパワースペクトルで特徴づけられる

これらの名著で
勉強しましたよね…



CDMの小スケール問題（？）
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• 昔から言われていたいくつかの小
スケール問題 (e.g., missing satellite問題) は
現在では問題ではないと考えられ
ている

• 一方で新たな問題も浮上してきて
いる

M
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ulation Project



弱い重力レンズによるDM分布測定
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星質量: Hernquist分布

ダークマター:  コア冪分布

ρ⋆(r) =
M⋆

2π
a
r

1
(r + a)3

ρDM (r) ∝ (r2 + r2
c )γ/2

星質量とDM質量の直接測定
→ IMF, SHMRの直接的制限

Fujikawa & MO OJAp 9(2026)61580



DM割合の測定
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シミュレー
ションの予言
ダークマター割合

星質量

動力学から
の制限

重力レンズ
からの制限シミュレーション

予言よりも低い
ダークマター割合

Fujikawa & MO OJAp 9(2026)61580



異常に中心集中した小質量天体
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Powell+ Nat. Ast. 9(2025)1714

• 重力レンズアーク
摂動で
の天体を発見

• 密度分布がCDM

サブハローより
ずっとコンパクト

• 既存の天体で説明
不可

∼ 106M⊙

Vegetti+ Nat. Ast. 10(2026)440



ファジーDMソリトンコア+SMBHシナリオ
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MO & Kubo, arXiv:2601.15718

w/o SMBH

w/ SMBH
( )MSMBH/Msol = 0.24

ソ
リ
ト
ン
コ
ア
の
密
度
分
布 • 観測された摂動天体の密度分布

が軽量ダークマターソリトンコア
+超巨大ブラックホール (SMBH) 

で説明できることを示した

• SMBHの重力によりソリトンコア
はよりコンパクトになり効率的
な重力レンズ摂動天体になる



小スケールパワースペクトル？
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• 小スケール密度分布はダークマターのプローブとして重要
かつ観測的にもますます面白い

• ダークマター小スケール分布の研究にもパワースペクトル
が使える



内容
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• 小スケールパワースペクトルの理論予言
• 小スケールパワースペクトルの観測方法



質量密度パワースペクトル P(k)
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Figure 9: The power spectrum of the dark matter distribution in the Millennium Simulation at various
epochs (blue lines). The gray lines show the power spectrum predicted for linear growth, while the dashed
line denotes the shot-noise limit expected if the simulation particles are a Poisson sampling from a smooth
underlying density field. In practice, the sampling is significantly sub-Poisson at early times and in low
density regions, but approaches the Poisson limit in nonlinear structures. Shot-noise subtraction allows us
to probe the spectrum slightly beyond the Poisson limit. Fluctuations around the linear input spectrum on
the largest scales are due to the small number of modes sampled at these wavelengths and the Rayleigh
distribution of individual mode amplitudes assumed in setting up the initial conditions. To indicate the bin
sizes and expected sample variance on these large scales, we have included symbols and error bars in the
z= 0 estimates. On smaller scales, the statistical error bars are negligibly small.
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ハローモデル
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•  を1-haloと2-haloに分解δ(x1)δ(x2)

1-halo

2-halo



ハローモデルとsubstructure
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• halo内のsubhaloの寄与もハローモデルで考えることができる

2-halo

halo-halo subhalo-subhalo

halo-subhalo
1-halo



substructure込みのハローモデル
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• 規格化されたハロー密度分布  u(x |M) = ρ(x |M)/M

u(x |M) = (1 − fs)uh(x |M) + ∑
i

∫ dm∫ dx′￼δD(m − mi)δD(x′￼− xi)
m
M

us(x − x′￼|M, m, x′￼)

⟨ | ũ(k |M) |2 ⟩ = |⟨ũ(k |M)⟩ |2 + ∫ dm∫ dx
d2Ns

dmdx ( m
M )

2

| ũs(k |M, m, x) |2

+∫ dm∫ dm′￼∫ dx∫ dx′￼

d2Ns

dmdx
d2Ns

dm′￼dx′￼

× ∫
dk′￼

(2π)3
Pss(k′￼|M, m, m′￼)

mm′￼

M2
ũs(k |M, m, x)ũ*s (k |M, m′￼, x′￼)e−i(k−k′￼)⋅(x−x′￼)

see also e.g., Giocoli+ MNRAS 408(2010)300

halo subhalo

subhaloのメインの寄与
1-halo



substructureの影響を考慮した P(k)

14

subhalosによるP(k)の増加

MO & Takahashi ApJ 901(2020)58

OUR TEAM
HSC-BOSS GALAXY-GALAXY LENSING AND CLUSTERING



バリオンの影響
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• ガス冷却, 星形成 → より中心集中
     

• 星 (など) の離散的な天体 → shot noise

    

• ガス圧, フィードバック → 分布の広がり
    

uNFW(k) → (1 − f*)uNFW(k) + f*u*(k)

⟨ |u(k) |2 ⟩ → ⟨ |u(k) |2 ⟩ + 1/n*

uNFW(k) → (1 − fgas)uNFW(k) + fgasugas(k)

小スケールで重要



バリオンの影響を考慮した P(k)
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銀河による
P(k)の増加

星によるshot noise
[P(k)=一定]

subhalosによるP(k)の増加

MO & Takahashi ApJ 901(2020)58

バリオンの効果小

• 小スケールでバリオン
の影響大

• (どこまで正しい？)

OUR TEAM
HSC-BOSS GALAXY-GALAXY LENSING AND CLUSTERING



ダークマター模型の影響: 原始ブラックホール
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PBHによる
shot noiseの寄与

[P(k)=一定]

ハロー形成促進

• shot noise の大きな寄与 + shot noise (等曲率ゆらぎ) による
ハロー形成促進

MO & Takahashi ApJ 901(2020)58
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ダークマター模型の影響: 軽量ダークマター

simulation (Schive+2014)

• 質量が非常に軽い場合, ダークマター粒子が波として振舞う

• 波の干渉による密度ゆらぎ → ガウス分布の重ね合わせ
                                                     でモデル化できる
                                                                                          [Kawai, MO+ ApJ 925(2022)61]

=
Vc ∫ dx [ρ(x |M)]2

M2
exp [−( λc

2 )
2

k2]
∫ dm∫ dx

d2Ns

dmdx ( m
M )

2

| ũs(k |M, m, x) |2

ドブロイ波長

(ファジーダークマター)



小スケールパワースペクトルの観測方法
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• 強い重力レンズ複数像への摂動
• 強い重力レンズ臨界曲線への摂動
• 重力波重力レンズの波動光学効果

• …



強い重力レンズ複数像への摂動
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Figures
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Figure 1 The strong gravitational lens system JVAS B1938+666. Left: Our best model of the 1.7 GHz global VLBI
observation used here, which has been re-convolved with the main lobe of the interferometer’s PSF and added to
the residuals (34 µJy/beam RMS). For reference, red contours show a 2.1 µm observation from the W. M. Keck
Observatory adaptive optics system [30]. The positions of two low-mass perturbers are marked with black X’s. The
2 → 108 M→ object first detected by [24] is labeled A, while the 1.13 → 106 M→ detection reported here is labeled V.
The zoomed-in region shown in the right two panels is indicated by the black square, which has a side length of 60
milli-arcseconds. Top right: Detail of the bright arc around V, with the colour scale modified to emphasize the gap
in the arc produced by V’s gravitational perturbation. Bottom right: Gravitational imaging (GI) corrections to the
lensing convergence (expressed in units of lens-plane surface mass density), showing a compact, positive feature whose
position and mass are consistent with the independent parametric modeling results for V. The dashed black circle has
a radius of 80 pc, and the lensed emission are indicated by the black contours.
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Powell+ Nat. Ast. 9(2025)1714

モデル ~1:1

MG0414+0534

大栗「重力レンズ」(2025)

Einstein半径近傍の「局所」パワースペクトルの情報が得られる



局所パワースペクトルの測定例
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Bayer+ MNRAS 523(2023)1310

SDSS J0252+0039



ファジーダークマターとの比較
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Kawai, MO+ ApJ 925(2022)61

Bayer+の制限 (1 system)
ALMA観測で期待される
制限 (Hezaveh+2016) • 2次元の局所パワースペク

トルを計算し観測と比較

Pf(k) =
Vc

rh(x)
| ũk |2

rh(x) =
Σ2

h(x)
∫ dz ρ2

h(r)

• 観測の制限は今後さらに
進展
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強い重力レンズ臨界曲線への摂動
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ジェームズウェッブ宇宙望遠鏡画像glaficによる銀河団重力レンズ解析 ダークマター分布
青線: 臨界曲線

Mocz+ MNRAS 494(2020)2027

 CDM     FDM        



臨界曲線ゆらぎの解析モデル
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Abe, Kawai, MO Phys. Rev. D109(2024)083517 

δθx

• 臨界曲線近傍のレンズポテンシャル
ψ(θ) =

1
2 [κ (θ2

x + θ2
y ) + (1 − κ) (θ2

x − θ2
y )] −

ϵ
6

θ3
x

• 臨界曲線ゆらぎ  のパワースペク
トル

δθx

「傾き」ϵ ∼ 1/θEin

Pδθx
=

3
2ϵ2

Pδκ

密度 (収束場) ゆらぎ局所パワースペクトル
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臨界曲線ゆらぎの観測方法
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Asymmetry of Arc in SDSS J1226+2152 3

Figure 1. False color RGB images in the field of the galaxy cluster SDSS J1226+2152, assembled from the HST images in F110W,
F814W and F606W filters respectively. In the left panel, the lensing critical curves corresponding to a source redshift z = 2.93 are drawn
as the white curves, which pass through the magnified arc of interest. The right panel is a 4.500 ⇥ 4.500 image cutout centered at (RA,
DEC) = (12:26:51.31, +21:52:19.62). The exact location of intersection between the critical curve and the arc is subject to uncertainty
in the macro lens model. The arc forms as two images of the source galaxy merge at the position of the critical curve, which results in
the mirror-symmetric appearance of the arc. In fact, the highly magnified arc constrains the local position and shape of the critical curve
better than other faraway lensed sources used to construct the macro model.

2 DATA

The caustic-straddling lensed arc SGAS 122651.3+215220
was discovered in December 2007 at the 2.5m Nordic Optical
Telescope (Koester et al. 2010b) and is in the catalog of
SDSS Giant Arcs Survey (SGAS; Hennawi et al. (2008)).
The arc redshift is determined to be zs = 2.9260±0.0002 from
nebular lines (Rigby et al. 2018). The spectroscopic redshift
of the galaxy cluster lens SDSS J1226+2152 zl = 0.43 was
reported by Bayliss et al. (2014). Data were used to perform
lens modeling with the LENSTOOL software package (Jullo
et al. 2007). It approximates the cluster mass distribution as
a linear superposition of mass halos and then uses Markov
Chain Monte Carlo sampling to determine the best-fit set
of parameters for the lens model. The fitting procedure for
analogous clusters is described in Sharon et al. (2019).

The arc S1226 was imaged in multiple HST filters. We
use for our analysis images taken with the Advanced Camera
for Surveys (ACS) in two optical filters, F606W and F814W,
and with the Wide Field Camera 3 (WFC3) in two IR filters,
F110W and F160W. The images in the optical filters were
obtained 6 years prior to the images obtained in the IR fil-
ters. Tab. 1 summarizes the observations. In Fig. 1, we show
a composite false-color image of the cluster and a zoomed-in
view of the arc.

The arc will be observed with the Near Infrared Spectro-
graph (NIRSpec) and the Mid-Infrared Instrument (MIRI)
integral field unit (IFU) and imaged with the Near Infrared
Camera (NIRCam) in multiple filters aboard JWST, as part
of the DD-ERS program (see Tab. 2 for details).

3 ASYMMETRIES IN THE ARC

According to our macro lens model, the portion of the criti-
cal line that passes through the arc is nearly a straight line
and is approximately perpendicular to the direction of arc
elongation (shown as the white curve in Fig. 1), except that
a small cluster member galaxy to the northwest (also shown
in Fig. 1 with the small critical curve it generates) slightly
deforms the surface brightness profile of the arc. The focus
of this study is on the brightest part of the arc on the south
which is not significantly influenced by the galaxy perturber
(also see discussion in Sec. 7.1). Images of the arc in four
HST filters are shown in Fig. 2, after rotation to make the
principal axis of elongation of the arc horizontal. Our five
slits are shown in the bottom panel, on the same image of
the arc as in Fig. 1. If the lens surface mass distribution is
locally smooth, a symmetric appearance across the critical
curve is expected.

In Sec. 3.1, we first qualitatively show evidence for de-
parture from symmetry using a simple method which was
previously applied to a similar caustic-straddling arc in
MACS J0416.1-2403 (Kaurov et al. 2019). In this method,
we align multiple slits with the direction of arc elongation,
and identify prominent bright features on both sides of the
critical curve that are likely to be image pairs of major un-
derlying compact sources. We then undertake a rigorous
measurement of their flux inequality that is described in
Sec. 3.2.
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Fig. 2. Enlarged color image of Mothra’s arc and its sur-
roundings. Colors are a combination of HST and JWST fil-
ters; F435W+F606W+F814W+F090W+F115W, F150W+F200W, and
F277W+F356W+F410M+F444W for blue, green and red respectively.
LS1 and three multiply lensed knots and their counterimages are la-
beled. No counterimage for LS1 is visible. Numerous faint, unresolved
objects are marked with unlabeled magenta circles. These could be
globular clusters or compact galactic remnants in the galaxy cluster.
The white dashed line is the inferred position of the critical curve based
on the ratio of the b–c separation (0→→.39) to the b→–c→ separation (0→→.32).
The solid white curve is the expected position of the critical curve based
on the lens model. The two curves are ↑0→→.3 apart.

now in the new NIRCam data. The higher redshift is also more
consistent with the photometric redshift estimate z = 2.232.

Figure 1 shows HST and JWST images of the arc. Each mul-
tiply lensed feature is labeled with a single letter, and the coun-
terimage of that feature has a prime. Mothra is in the middle of
the arc. The 2014 HST data show Mothra as well as knots b and
b→. Knots c and c→ are seen only in JWST data and are key for the
interpretation because they constrain the position of the critical
curve to be close to the midpoint between c and c→ independent
of any specific lens model. The new knots c and c→ emphasize
the anomaly of LS1 because a counterimage, LS1→, is expected
between LS1 and c but is not seen yet LS1 was visible in 2014.
If LS1→ is missing because the source is transient and the two
paths have different light travel times, the time difference must
be >8 years.

3. SED fitting

Photometry of LS1 is complicated by its location in a strongly
lensed arc and by the nearby point source c→ as shown in Fig-
ure 2. At longer wavelengths, the instrument PSF blends LS1 and
c→ (Fig 1). To overcome these limitations, we fit a point-spread
function (PSF) to LS1 and to each of the six nearby knots in the
three-epoch combined image. The PSF model was derived from
the stacked signal of nearby, unsaturated, unresolved sources on
the same image. For the filters with ω > 1.5 µm, in which LS1
and c→ are partially blended, we subtracted a model of the arc
prior to PSF fitting. The model was scaled from the residual in
the F150W band after point source subtraction and smoothed to
match the resolution of the longer wavelength filters. Details are
given in the Appendix.

The measured SED for LS1 is shown in Figure 3. The SED
is too broad to come from a single star, but a binary system
with temperatures T ↑ 14000 K and T ↑ 5250 K matches well.

2 http://cosmos.phy.tufts.edu/ danilo/HFF/Home.html

Fig. 3. Mothra’s SED and the best matching binary model. The blue and
red lines represent model stellar spectra for stars with Teff and µLbol as
shown in the legend. Models are from the Lejeune et al. (1997) com-
pilation of stellar atmosphere spectra at solar metallicity redshifted to
z = 2.091. The green line shows the combined SED. Black circles with
error bars represent the observed photometric data and green boxes the
model photometry resulting from the best-fit compound spectrum. If
the two stars experience the same magnification, the high–Teff star has
a bolometric luminosity ↑0.4 dex (a factor of ↑ 2.5) higher than that of
the low–Teff star.

Finding a binary is not surprising because most massive stars
in our Galaxy are binaries, and the binary fraction of massive
stars seems to go up at lower metallicities (see e.g., the discus-
sion of Windhorst et al. 2018, for some references on this). The
upper limit of likely magnifications requires the stars to be mas-
sive (initial masses ↭ 10 M↓ ), and therefore only low surface
gravities need to be considered. Dust reddening would demand
higher luminosities, and we assume zero. The best fit is a hot
star with Teff = 14000 K and log(µL/L↓) ↑ 8.9 plus a cool star
with Teff = 5250 K and log(µL/L↓) ↑ 8.4. For an adopted mag-
nification of µ ↑ 5000, the intrinsic luminosity of the cooler star
would be log(µL/L↓) ↑ 4.7 , which would correspond to a yel-
low super/hypergiant star inside the instability strip, with initial
mass M ↑ 15 M↓ (Ekström et al. 2012; Szécsi et al. 2022). If the
two stars experience a similar magnification, then the higher-Teff
B-type star must have an intrinsic luminosity a factor of ↑ 2.5
higher. A red supergiant (Teff ↑ 4000 K) would provide a better
SED fit, but Mothra exhibits significant flux variations at 1.5 µm
and longer wavelengths, yet not at 0.9 or 1.15 µm (Figure 9).
This means the red component is varying, and it has to contribute
significant light to the F150W band. This requires Teff >↔ 5000 K.
At peak brightness, Mothra becomes redder (Yan et al. 2023),
which requires the cooler component to transition into the red
supergiant regime or alternatively experience a boost in lumi-
nosity accompanied by increased circumstellar dust reddening.

Under the assumption of single-star evolution and similar
magnifications for the two components, their luminosity ratio
creates an apparent age discrepancy, since the more luminous
star is expected to evolve into the Teff < 20000 K regime signif-
icantly ahead of the lower-L star, whereas both stars here seem
to be observed in these short-lived states. Due to the degenera-
cies involved in this two-component fit, the current SED does
not allow dust effects towards the two stars to be meaningfully
constrained, but the effect of significant dust attenuation and red-
dening towards either star would raise it’s Teff and intrinsic bolo-

Article number, page 4 of 26

D
iego+

 A
&

A
 679

(2023)A
31

恒星の焦線通過現象 臨界曲線を跨ぐ像の非対称性



焦線通過 (caustic crossing)
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臨界曲線
(像平面)

焦線
(光源平面)

像
(観測可)

光源
(観測不可)

明るさ

時間

焦線 臨界曲線
星 (光源) 星 (像) 星 (像)

光源平面 像平面

• 非対称な光度
曲線



Icarusの発見
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Kelly+ (incl. MO) Nature Astronomy 2(2018)334

N
A
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Johan Richard model• z=1.5 の単独の星 (青色超巨星)

最大増光率
𝜇 ~ 4000 !

臨界曲線近傍



シミュレーション
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Weisenbach, Anguita, Miralda-Escude, MO+ Space Sci. Rev.  220(2024)57

micro critical curves due to intracluster light stars



焦線通過の統計
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20232022

ジェームズウェッブ宇宙望遠鏡画像

•超高増光された単独星を一挙に40個以上発見！
• JWSTモニタ観測 (cycle4-6, PI: 札本) により臨界曲線微細構造解明へ

Fudamoto, Sun, Diego, Dai, MO+ Nature Astronomy 9(2025)428



•超高増光された単独星を一挙に40個以上発見！
• JWSTモニタ観測 (cycle4-6, PI: 札本) により臨界曲線微細構造解明へ

焦線通過の統計

30

20232022

ジェームズウェッブ宇宙望遠鏡画像

Fudamoto, Sun, Diego, Dai, MO+ Nature Astronomy 9(2025)428



連星合体重力波
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2015年に
初発見！

天体物理学だけではなく宇宙論にとってもたいへん有用



波動光学重力レンズ
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観測者

波動光学

…

ϕ ∝ ∫ 𝒟 [θ(χ)] e2πifΔt

レンズ

波の重ね合わせ

e.g., MO RPP 82(2019)126901, 大栗「重力レンズ」(2025)

重力波
経路  θ(χ)

到達時間 Δt



波動光学重力レンズ
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観測者

波動光学

…

波の重ね合わせ

ϕ ∝ ∫ 𝒟 [θ(χ)] e2πifΔt

レンズ

フェルマーの原理幾何光学 ∇(Δt) = 0
周波数  が大きい極限では  の停留点のみ寄与f Δt

 を満たす経路∇(Δt) = 0

e.g., MO RPP 82(2019)126901, 大栗「重力レンズ」(2025)

重力波

到達時間 Δt



波動光学重力レンズの例
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ソース

レンズ

β2

θEin

ソース

レンズ

β1

β2

θEin

β1

周波数を固定してソース位置が
移動した時の増光率

ソース位置を固定して周波数
が変化した時の増光率

連星合体重力波の周波数の時間進化を利用して検出可能

大栗「重力レンズ」(2025)

: 規格化された無次元周波数w



波動光学効果は観測されるか？
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重力波の場合に
波動光学効果が
観測される範囲

幾何光学回折・干渉

重力レンズなし (強い回折)

周波数

レ
ン
ズ
質
量ダークマター

小質量ハロー
( )M ∼ 100−4M⊙

大栗「重力レンズ」(2025)



ボルン近似
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• ダークマター小質量ハローの重力レンズ信号は弱い
     → ボルン近似を用いた計算が便利

入射波 𝜑0

散乱波 𝜑

ポテンシャル V

φ(r) = φ0(r) −
μ

2πℏ2 ∫ dr′￼

eik⋅(r−r′￼)

|r − r′￼|
V(r′￼)φ(r′￼)

φ0(r)
Born近似

Takahashi+ A&A 438(2005)L5
Takahashi ApJ 644(2006)80
MO & Takahashi ApJ 901(2020)58
Choi+ Phys. Rev. D104(2021)063001
MO & Takahashi Phys. Rev. D 901(2022)043532

Mizuno & Suyama Phys. Rev. D108(2023)043511
Tambalo+ Phys Rev D 108(2023)043527
Yarimoto & MO Phys. Rev. D111(2025)083541
Carrillo Gonzalez+ Phys. Rev D. 113(2026)024024
…



ボルン近似による波動光学効果の計算
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Yarimoto & MO Phys. Rev. D111(2025)083541

F(ω) ≃ 1 + ∫ dθ κ(β − θ)G(θ)

• 重力ポテンシャルの最低次で

G(θ) =
i

2πθ2
F {Ci ( θ2

2θ2
F ) + iSi ( θ2

2θ2
F ) − i

π
2 }

θF =
c

ω(1 + zl)
Dls

DolDos

収束場 (視線方向に積分した質量分布) 畳み込みカーネル

フレネル長

: 光源位置β



ボルン近似下の波動光学効果の物理的意味
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Yarimoto & MO Phys. Rev. D111(2025)083541

球面波

光源
r

a b

r ≲
ab

a + b
λ 干渉縞

(参考: フレネル回折)

フレネル長

カーネル関数  の畳み込み
= フレネル長  での平滑化 

(実効的な光源サイズ = フレネル長)

G
θF



波動光学効果で探る小スケールダークマター
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• 重力波の振幅ゆらぎと位相ゆらぎの周波数進化から検出可
• ただし普通の重力波源に対しては信号は非常に小さい

• 銀河や銀河団の重力レンズで増光された像に対しては十分
検出可能

Takahashi ApJ 644(2006)80
MO & Takahashi ApJ 901(2020)58

MO & Takahashi Phys. Rev. D106(2022)043532
Nakazono & Suyama arXiv:2604.02216

重力波
観測者

銀河, 銀河団
(幾何光学重力レンズ)

ダークマター小質量ハロー (波動光学重力レンズ)



波動光学効果による重力波波形のゆらぎ
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MO & Takahashi Phys. Rev. D106(2022)043532

μ0 = μj,1μj,2幾何光学重力レンズ増光率
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In evaluating Eq. (16), it is useful to consider the
Fourier transform of �0(r)
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In the Fourier space, �̃
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where subscript j is added to convergence to make it clear
that it is the small-scale convergence field in the vicinity
of qj , which is defined to have zero mean i.e., hi = 0.
Inserting these expressions, we obtain

e
�i�jF

j(f, q�) ' F
j
G0

(f, q�)

+ |µj,1µj,2|1/2e�i⇡njsgn(f)e
2⇡if�t0(qj ,q�)

⇥
Z

dk

(2⇡)2
̃j(k)

i

r
2

F
k2/2

⇥

exp

✓
�i

µj,1r
2

F

2
k
2

1
� i

µj,2r
2

F

2
k
2

2

◆
� 1

�

= F
j
G0

(f, q�)


1 +

Z
dk

(2⇡)2
̃j(k)G̃j(k, f)

�
,

(20)

where

G̃j(k, f) =
i

r
2

F
k2/2


exp

✓
�i

µj,1r
2

F

2
k
2

1
� i

µj,2r
2

F

2
k
2

2

◆
� 1

�
.

(21)
From the explicit expressions of the complex amplifi-

cation factors, we also obtain
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This is a general expression of the complex amplification
factor in the presence of small-scale perturbations on the
Fresnel scale. We note that this expression can be applied
to not only multiple images for a strongly lensed system
but also single image systems. We also note that previous
work [5, 8, 9] essentially corresponds to a special situation
with µj,1 = µj,2 = 1.

It is worth noting that F
j is not a direct observable,

because an intrinsic, unlensed waveform is usually un-
known. However, waveforms of compact binary mergers

are parameterized by a small number of physical param-
eters of binaries including mass and spin as well as the
configuration of the detector with respect to the direction
of the source, and any deviations from physical templates
may be ascribed to wave optics e↵ects in the propagation
of gravitational waves. Previous work [25, 26] explored
the possibility of using such wave optics signature in in-
dividual binary merger waveforms to probe small-mass
subhalos.

B. Amplitude and phase fluctuations for multiply

imaged gravitational waves

Here we discuss an alternative approach to detect am-
plitude and phase fluctuations by comparing waveforms
of multiple images. In this case, by comparing wave-
form shapes of l-th and m-th multiple images with their
time delay �tlm, which should be determined from the
data, we can measure the ratio of complex magnification
factors that is is independent of an intrinsic waveform.
Specifically, we define the ratio as

Rlm(f) = e
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l(f, q�)
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=
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(25)
The function ⌘lm(f) describes e↵ects of small-scale per-
turbations, which for instance induces additional phase
shift on top of the phase shift due to the Morse in-
dex [24, 27, 28], and represents perturbative wave op-
tics e↵ects. We further decompose ⌘lm(f) into amplitude
Klm(f) and phase fluctuations Slm(f) as

1 + ⌘lm(f) ' [1 +Klm(f)] eiSlm(f)
. (26)

Since small-scale perturbations on l-th andm-th multiple
images are to a good approximation regarded as statis-
tically independent as long as the transverse separation
between these multiple images is much larger than the
Fresnel scale, convergence power spectra P(k) can be
defined as

h̃l(k)̃m(k0)i = �lm(2⇡)2�D(k + k0)P l
(k), (27)

where �lm denotes the Kronecker delta. Using this rela-
tion, we can compute dispersions of Klm(f) and Slm(f)
as

hK2

lm(f)i = hK2

l (f)i + hK2

m(f)i, (28)
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From the explicit expressions of the complex amplifi-

cation factors, we also obtain
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By using this expression, we finally obtain

F
j(f, q�) ' |µ0(qj)|1/2

|µ(qj + rj)|1/2
F

j
G
(f, q�)

⇥

1 +

Z
dk

(2⇡)2
̃j(k)G̃j(k, f)

�

= |µ0(qj)|1/2e2⇡if�t(qj+rj ,q�)

⇥ e
�i⇡njsgn(f)


1 +

Z
dk

(2⇡)2
̃j(k)G̃j(k, f)

�
.

(23)

This is a general expression of the complex amplification
factor in the presence of small-scale perturbations on the
Fresnel scale. We note that this expression can be applied
to not only multiple images for a strongly lensed system
but also single image systems. We also note that previous
work [5, 8, 9] essentially corresponds to a special situation
with µj,1 = µj,2 = 1.

It is worth noting that F
j is not a direct observable,

because an intrinsic, unlensed waveform is usually un-
known. However, waveforms of compact binary mergers

are parameterized by a small number of physical param-
eters of binaries including mass and spin as well as the
configuration of the detector with respect to the direction
of the source, and any deviations from physical templates
may be ascribed to wave optics e↵ects in the propagation
of gravitational waves. Previous work [25, 26] explored
the possibility of using such wave optics signature in in-
dividual binary merger waveforms to probe small-mass
subhalos.

B. Amplitude and phase fluctuations for multiply

imaged gravitational waves

Here we discuss an alternative approach to detect am-
plitude and phase fluctuations by comparing waveforms
of multiple images. In this case, by comparing wave-
form shapes of l-th and m-th multiple images with their
time delay �tlm, which should be determined from the
data, we can measure the ratio of complex magnification
factors that is is independent of an intrinsic waveform.
Specifically, we define the ratio as

Rlm(f) = e
�2⇡if�tlm F

l(f, q�)

Fm(f, q�)

=
|µ0(ql)|1/2

|µ0(qm)|1/2
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The function ⌘lm(f) describes e↵ects of small-scale per-
turbations, which for instance induces additional phase
shift on top of the phase shift due to the Morse in-
dex [24, 27, 28], and represents perturbative wave op-
tics e↵ects. We further decompose ⌘lm(f) into amplitude
Klm(f) and phase fluctuations Slm(f) as

1 + ⌘lm(f) ' [1 +Klm(f)] eiSlm(f)
. (26)

Since small-scale perturbations on l-th andm-th multiple
images are to a good approximation regarded as statis-
tically independent as long as the transverse separation
between these multiple images is much larger than the
Fresnel scale, convergence power spectra P(k) can be
defined as

h̃l(k)̃m(k0)i = �lm(2⇡)2�D(k + k0)P l
(k), (27)

where �lm denotes the Kronecker delta. Using this rela-
tion, we can compute dispersions of Klm(f) and Slm(f)
as

hK2

lm(f)i = hK2
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m(f)i, (28)

3

In evaluating Eq. (16), it is useful to consider the
Fourier transform of �0(r)
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where subscript j is added to convergence to make it clear
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of qj , which is defined to have zero mean i.e., hi = 0.
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From the explicit expressions of the complex amplifi-

cation factors, we also obtain
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By using this expression, we finally obtain
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This is a general expression of the complex amplification
factor in the presence of small-scale perturbations on the
Fresnel scale. We note that this expression can be applied
to not only multiple images for a strongly lensed system
but also single image systems. We also note that previous
work [5, 8, 9] essentially corresponds to a special situation
with µj,1 = µj,2 = 1.

It is worth noting that F
j is not a direct observable,

because an intrinsic, unlensed waveform is usually un-
known. However, waveforms of compact binary mergers

are parameterized by a small number of physical param-
eters of binaries including mass and spin as well as the
configuration of the detector with respect to the direction
of the source, and any deviations from physical templates
may be ascribed to wave optics e↵ects in the propagation
of gravitational waves. Previous work [25, 26] explored
the possibility of using such wave optics signature in in-
dividual binary merger waveforms to probe small-mass
subhalos.

B. Amplitude and phase fluctuations for multiply

imaged gravitational waves

Here we discuss an alternative approach to detect am-
plitude and phase fluctuations by comparing waveforms
of multiple images. In this case, by comparing wave-
form shapes of l-th and m-th multiple images with their
time delay �tlm, which should be determined from the
data, we can measure the ratio of complex magnification
factors that is is independent of an intrinsic waveform.
Specifically, we define the ratio as
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The function ⌘lm(f) describes e↵ects of small-scale per-
turbations, which for instance induces additional phase
shift on top of the phase shift due to the Morse in-
dex [24, 27, 28], and represents perturbative wave op-
tics e↵ects. We further decompose ⌘lm(f) into amplitude
Klm(f) and phase fluctuations Slm(f) as

1 + ⌘lm(f) ' [1 +Klm(f)] eiSlm(f)
. (26)

Since small-scale perturbations on l-th andm-th multiple
images are to a good approximation regarded as statis-
tically independent as long as the transverse separation
between these multiple images is much larger than the
Fresnel scale, convergence power spectra P(k) can be
defined as

h̃l(k)̃m(k0)i = �lm(2⇡)2�D(k + k0)P l
(k), (27)

where �lm denotes the Kronecker delta. Using this rela-
tion, we can compute dispersions of Klm(f) and Slm(f)
as
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where subscript j is added to convergence to make it clear
that it is the small-scale convergence field in the vicinity
of qj , which is defined to have zero mean i.e., hi = 0.
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From the explicit expressions of the complex amplifi-

cation factors, we also obtain
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By using this expression, we finally obtain
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This is a general expression of the complex amplification
factor in the presence of small-scale perturbations on the
Fresnel scale. We note that this expression can be applied
to not only multiple images for a strongly lensed system
but also single image systems. We also note that previous
work [5, 8, 9] essentially corresponds to a special situation
with µj,1 = µj,2 = 1.

It is worth noting that F
j is not a direct observable,

because an intrinsic, unlensed waveform is usually un-
known. However, waveforms of compact binary mergers

are parameterized by a small number of physical param-
eters of binaries including mass and spin as well as the
configuration of the detector with respect to the direction
of the source, and any deviations from physical templates
may be ascribed to wave optics e↵ects in the propagation
of gravitational waves. Previous work [25, 26] explored
the possibility of using such wave optics signature in in-
dividual binary merger waveforms to probe small-mass
subhalos.

B. Amplitude and phase fluctuations for multiply

imaged gravitational waves

Here we discuss an alternative approach to detect am-
plitude and phase fluctuations by comparing waveforms
of multiple images. In this case, by comparing wave-
form shapes of l-th and m-th multiple images with their
time delay �tlm, which should be determined from the
data, we can measure the ratio of complex magnification
factors that is is independent of an intrinsic waveform.
Specifically, we define the ratio as

Rlm(f) = e
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l(f, q�)
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=
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where
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The function ⌘lm(f) describes e↵ects of small-scale per-
turbations, which for instance induces additional phase
shift on top of the phase shift due to the Morse in-
dex [24, 27, 28], and represents perturbative wave op-
tics e↵ects. We further decompose ⌘lm(f) into amplitude
Klm(f) and phase fluctuations Slm(f) as

1 + ⌘lm(f) ' [1 +Klm(f)] eiSlm(f)
. (26)

Since small-scale perturbations on l-th andm-th multiple
images are to a good approximation regarded as statis-
tically independent as long as the transverse separation
between these multiple images is much larger than the
Fresnel scale, convergence power spectra P(k) can be
defined as

h̃l(k)̃m(k0)i = �lm(2⇡)2�D(k + k0)P l
(k), (27)

where �lm denotes the Kronecker delta. Using this rela-
tion, we can compute dispersions of Klm(f) and Slm(f)
as

hK2

lm(f)i = hK2

l (f)i + hK2

m(f)i, (28)
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In evaluating Eq. (16), it is useful to consider the
Fourier transform of �0(r)
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where subscript j is added to convergence to make it clear
that it is the small-scale convergence field in the vicinity
of qj , which is defined to have zero mean i.e., hi = 0.
Inserting these expressions, we obtain
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From the explicit expressions of the complex amplifi-

cation factors, we also obtain
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By using this expression, we finally obtain
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This is a general expression of the complex amplification
factor in the presence of small-scale perturbations on the
Fresnel scale. We note that this expression can be applied
to not only multiple images for a strongly lensed system
but also single image systems. We also note that previous
work [5, 8, 9] essentially corresponds to a special situation
with µj,1 = µj,2 = 1.

It is worth noting that F
j is not a direct observable,

because an intrinsic, unlensed waveform is usually un-
known. However, waveforms of compact binary mergers

are parameterized by a small number of physical param-
eters of binaries including mass and spin as well as the
configuration of the detector with respect to the direction
of the source, and any deviations from physical templates
may be ascribed to wave optics e↵ects in the propagation
of gravitational waves. Previous work [25, 26] explored
the possibility of using such wave optics signature in in-
dividual binary merger waveforms to probe small-mass
subhalos.

B. Amplitude and phase fluctuations for multiply

imaged gravitational waves

Here we discuss an alternative approach to detect am-
plitude and phase fluctuations by comparing waveforms
of multiple images. In this case, by comparing wave-
form shapes of l-th and m-th multiple images with their
time delay �tlm, which should be determined from the
data, we can measure the ratio of complex magnification
factors that is is independent of an intrinsic waveform.
Specifically, we define the ratio as

Rlm(f) = e
�2⇡if�tlm F

l(f, q�)

Fm(f, q�)

=
|µ0(ql)|1/2
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where
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The function ⌘lm(f) describes e↵ects of small-scale per-
turbations, which for instance induces additional phase
shift on top of the phase shift due to the Morse in-
dex [24, 27, 28], and represents perturbative wave op-
tics e↵ects. We further decompose ⌘lm(f) into amplitude
Klm(f) and phase fluctuations Slm(f) as

1 + ⌘lm(f) ' [1 +Klm(f)] eiSlm(f)
. (26)

Since small-scale perturbations on l-th andm-th multiple
images are to a good approximation regarded as statis-
tically independent as long as the transverse separation
between these multiple images is much larger than the
Fresnel scale, convergence power spectra P(k) can be
defined as

h̃l(k)̃m(k0)i = �lm(2⇡)2�D(k + k0)P l
(k), (27)

where �lm denotes the Kronecker delta. Using this rela-
tion, we can compute dispersions of Klm(f) and Slm(f)
as

hK2

lm(f)i = hK2

l (f)i + hK2

m(f)i, (28)
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Fourier transform of �0(r)
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Inserting these expressions, we obtain
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From the explicit expressions of the complex amplifi-

cation factors, we also obtain
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This is a general expression of the complex amplification
factor in the presence of small-scale perturbations on the
Fresnel scale. We note that this expression can be applied
to not only multiple images for a strongly lensed system
but also single image systems. We also note that previous
work [5, 8, 9] essentially corresponds to a special situation
with µj,1 = µj,2 = 1.

It is worth noting that F
j is not a direct observable,

because an intrinsic, unlensed waveform is usually un-
known. However, waveforms of compact binary mergers

are parameterized by a small number of physical param-
eters of binaries including mass and spin as well as the
configuration of the detector with respect to the direction
of the source, and any deviations from physical templates
may be ascribed to wave optics e↵ects in the propagation
of gravitational waves. Previous work [25, 26] explored
the possibility of using such wave optics signature in in-
dividual binary merger waveforms to probe small-mass
subhalos.

B. Amplitude and phase fluctuations for multiply

imaged gravitational waves

Here we discuss an alternative approach to detect am-
plitude and phase fluctuations by comparing waveforms
of multiple images. In this case, by comparing wave-
form shapes of l-th and m-th multiple images with their
time delay �tlm, which should be determined from the
data, we can measure the ratio of complex magnification
factors that is is independent of an intrinsic waveform.
Specifically, we define the ratio as

Rlm(f) = e
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=
|µ0(ql)|1/2
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The function ⌘lm(f) describes e↵ects of small-scale per-
turbations, which for instance induces additional phase
shift on top of the phase shift due to the Morse in-
dex [24, 27, 28], and represents perturbative wave op-
tics e↵ects. We further decompose ⌘lm(f) into amplitude
Klm(f) and phase fluctuations Slm(f) as

1 + ⌘lm(f) ' [1 +Klm(f)] eiSlm(f)
. (26)

Since small-scale perturbations on l-th andm-th multiple
images are to a good approximation regarded as statis-
tically independent as long as the transverse separation
between these multiple images is much larger than the
Fresnel scale, convergence power spectra P(k) can be
defined as

h̃l(k)̃m(k0)i = �lm(2⇡)2�D(k + k0)P l
(k), (27)

where �lm denotes the Kronecker delta. Using this rela-
tion, we can compute dispersions of Klm(f) and Slm(f)
as

hK2

lm(f)i = hK2

l (f)i + hK2

m(f)i, (28)

•増幅因子の一般的な解析的表式を導出

摂動的な波動光学効果

増幅因子の幾何光学
極限の表式
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phase shift
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振幅のずれ K ≃ Re(F)

位相のずれ S ≃ Im(F)
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原始ブラックホール
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幾何光学重力レンズ増光で波動光学効果の信号も大幅に増幅
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焦線通過

重力波の波動光学重力レンズ (？)

1



まとめ

44

• 小スケールの諸問題でもパワースペクトルはいろいろと
活用できる

• あまりやっている人がいないので, 楽しい


