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Abstract. Recent rapid progress in time domain surveys makes it possible to
detect various types of explosive transients in the Universe in large numbers,
some of which will be gravitationally lensed into multiple images. Although
a large number of strongly lensed distant galaxies and quasars have already
been discovered, strong lensing of explosive transients opens up new applications,
including improved measurements of cosmological parameters, powerful probes
of small scale structure of the Universe, and new observational tests of dark
matter scenarios, thanks to their rapidly evolving light curves as well as their
compact sizes. In particular, the compactness of these transient events indicates
that the wave optics e↵ect plays an important role in some cases, which can lead
to totally new applications of these lensing events. Recently we have witnessed
first discoveries of strongly lensed supernovae, and strong lensing events of other
types of explosive transients such as gamma-ray bursts, fast radio bursts, and
gravitational waves from compact binary mergers are expected to be observed
soon. In this review article, we summarize the current state of research on strong
gravitational lensing of explosive transients and discuss future prospects.
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Strong gravitational lenses

lensed quasar (SQLS)

lensed galaxy (SLACS)

• multiply imaged, highly magnified

• many applications
   − cosmology
   − dark matter distribution
   − distant/faint sources
   − resolving fine structure



sourcelensobserver

•  galaxy

• cluster
• quasar

• galaxy
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•  galaxy
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• quasar

• galaxy

• SN
• GRB
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• GW

• …



Strong lensing of explosive transients?

• supernova (SN)
   PS1-10afx, SN Refsdal, iPTF16geu 

• gamma-ray burst (GRB)
   not yet

• fast radio burst (FRB)
   not yet

• gravitational wave (GW)
   not yet



SN host
[OII] at 
z=1.388 

lensing galaxy
[OII] at z=1.117 

PS1-10afx
Quimby, MO+ Science 344(2014)396 

• Type Ia supernova magnified by a factor of 30!

• multiple images were not resolved

lightcurve spectrum



SN Refsdal
Kelly+ Science 347(2015)1123 

• core-collapse SN 
strongly lensed 
by a cluster

• 4 images S1-S4 
discovered in 
2015 October

• 2 more images 
predicted

• SX : 2016-2017

• SY : <2005
HST image

S1-S4
SX

SY



“Reappearance” of Refsdal
Kelly+ ApJ 819(2016)L8 

∼10 days for a year-long delay). Furthermore, the uncertainties
are typically highly non-Gaussian, so the 95% confidence
interval is not simply twice as wide as the 68% one.

5. CONCLUSIONS

With models of the MACS J1149.5+2223 galaxy-cluster
potential, the appearance of SN Refsdal in November of 2014
as an Einstein cross became an augury of its future arrival 8~ ´
away in a different image of its host galaxy. The detection of

the reappearance here shows the power of modern-day
predictions using models of the distribution of matter in galaxy
clusters and the general theory of relativity. The timing and
brightness of light from SN Refsdal in image SX is
approximately in agreement with predictions, implying that,
for most models, unknown systematic uncertainties cannot be
substantially larger than random uncertainties. At the same
time, this first detection provides some discriminatory power:
not all models fare equally well. Grillo-g, Oguri-g, Oguri-a, and
Sharon-a appear to be the ones that match the observations

Figure 2. Comparison between the predicted and the actual position of image SX of SN Refsdal. Coordinate published predictions are overplotted on the coaddition of
F125W and F160W difference images made by subtracting the 2015 December 11 exposures from archival template images taken in 2011. The circles show the rms of
the angular offsets between the measured positions of multiply imaged sources and their positions in the best-fitting respective models. The Diego et al. (2016), Jauzac
et al. (2016), and Grillo et al. (2015) predictions are all consistent with the measured position of image SX within the reported rms scatter. The residual scatter for the
Diego et al. (2016) model was not published and is 0. 6´ (J. Diego 2015, private communication).

Figure 3. Simultaneous constraints on the time delay and magnification of image SX relative to image S1 from photometry of image SX listed in Table 1. The two-
dimensional contours show the 68% and 95% confidence levels, and model predictions plot 68% confidence levels. Since many of the lensing predictions are not
Gaussian distributed, the 68% limits do not imply that they are necessarily inconsistent with the measurements. Except for the Jauzac et al. (2016) prediction, labels
refer to models presented by Treu et al. (2016). While all other plotted predictions were made in advance of the HST Cycle 23 observations beginning on 2015 October
30, “Post Blind Zitrin-c” and “Post Blind Jauzac” were updates made at a later date. “Post Blind Zitrin-c” is an update of the “Zitrin-g” model where the lens galaxy
was left to be freely weighted to assure that its critical curves pass between the four Einstein cross images. For “Post Blind Jauzac,” the authors compute a common
position for images S1–S4 in the source plane and recompute the time delays analytically using their LENSTOOL model of the cluster potential. The greater the S1–SX
delay, the earlier the 2015 December 11 observations are in the light curve of SX. The black dashed line marks the delay beyond which we lack data on the light curve
of SN Refsdal. We extrapolate to earlier epochs using the best-fitting second-order polynomials.
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~350 days

• image SX appeared exactly at the predicted 
position and time!

• fully blind test of cluster mass models



iPFT16geu
Goobar+ Science 356(2017)291

HST image
~0.6″

• Type Ia supernova magnified 
by a factor of 52! 

• 4 images separated by ~0.6″

• time delays are predicted to 
be short, <1 day



Advantages?

• simple and fast light curves

• standardizable candles

• wave effect?
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Simple and fast light curves

• simple light curves with a rise and fall (SN, 
GRB, FRB) or theoretical templates (GW)

• short time scales, month (SN) or sec-msec 
(GRB, FRB, GW)

• robust and accurate measurements of 
time delays!

time delay Δt



Light curves of explosive transients
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Time delays for quasar lenses
Tewes et al.: COSMOGRAIL XIII – Time delays of RX J1131�1231

Fig. 4. Optical monitoring of RX J1131�1231, as obtained from deconvolution photometry. From top to bottom are shown the R-
band light curves for the quasar images A, B, C, and D along with the 1� photometric error bars. Colors encode the contributing
instruments. Curves B and D have been shifted by +0.3 magnitudes for display purposes. The light curves are available in tabular
form from the CDS and the COSMOGRAIL website.

COSMOGRAIL website2. The light curves are dominated by in-
trinsic quasar variability, with some features on scales as short
as a few weeks. It can be readily seen in the 2008 season for in-
stance, that the delays between A, B, and C must be very short,
while D is delayed by slightly less than 100 days. Intriguingly,
looking only at the first season of A, B, and C, one might think
that A is significantly delayed with respect to B and C. We at-
tribute this discrepancy to microlensing variability, which mani-
festly changes the magnitude di↵erence between the A and B im-
ages from the first to the second season. We discuss this “event”
in more detail in Section 5.3. Prominent microlensing variability
on long time-scales is ubiquitous because the flux ratios between
the quasar images evolve by as much as a magnitude. These
microlensing e↵ects in RX J1131�1231 have been analyzed in
Morgan et al. (2010) and Dai et al. (2010).

Lastly, we observe that the photometric error estimates, ob-
tained from equation 9, match the observed scatter well in the

2
http://www.cosmograil.org

smooth sections of curves from the individual telescopes. They
are certainly not conservatively large, but we stress that the scale
of these error estimates has no direct influence on the uncer-
tainties that we compute for the time-delay measurements in the
next Section. Our results are robust against a deliberate increase
of these error estimates by up to a factor of 5.

5. Time-delay estimation

In this section we infer the time delays of RX J1131�1231
from the light curves shown in Fig. 4, closely following the
curve-shifting and uncertainty evaluation procedures described
in Tewes et al. (2013). We summarize the principal ideas be-
low. A major di�culty and potential source of bias for curve-
shifting methods is the presence of extrinsic variability in the
light curves, on top of the intrinsic quasar variability common to
all four images. The main source of the extrinsic signal is vari-
able microlensing magnification due to the motions of the stars

6

Tewes+2013

• quasar light 
curves are 
stochastic

• monitoring 
for years 
required

• precision of 
~1 day at 
most



Improved time delays

• improved constraints on H0

   (see also Ken Wong’s talk!)

• probing dark matter substructures

• probing compact dark matter



Improved constraints on H0

• improved measurement errors on Δt
   (~day → up to ~msec!)

• better use of a lensed host galaxy 

w/ SN 
images

w/o SN 
images

simulated by glafic



Substructure and time delays
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• substructure affect Δt, especially small ones

• can be easily detected by lensed GRB,  FRB, GW

e.g., MO 2007; Keeton & Moustakas 2009; Liao+2018



Searching for echo signals

Δt ∼ 0.02 msec (1 + zl)( M
M⊙ )

• time delay for a point 
mass lens 

time

flux

Δt• ~msec transients (e.g.  FRB) 
can constrain compact dark 
matter with M ≳ 30 M⊙ by 
searching for echo signals

   (e.g.,  Munoz+2016)



Advantages?

• simple and fast light curves

• standardizable candles

• wave effect?



Type Ia supernovae

(from LBL website)

• correlation between peak luminosities and 
width of light curves

• standardizable candle to measure DL(z)



Gamma-ray bursts– 77 –

49

50

51

52

1 2 3 4

Log[Epeak(1+z)]

L
o
g
(E

!)

Fig. 4.— Epeak – Eγ relation. The Epeak values for 27 GRBs have been corrected to the
rest frame of the GRB and plotted versus the total burst energy in the γ-rays (Eγ) with the

best fit power law (see equation 18) superposed. This relation is the tightest of the GRB
luminosity indicators, and so the derived distance will carry higher weight than distances
from, say, the V –L relation. To be included in this plot, the GRB afterglow must have

an observed jet break in its light curve, and this means that only a fraction of GRBs with
redshifts can yield a distance measure from this relation. This relation has been used by

various groups (e.g., Ghirlanda, Ghisellini, & Lazzati 2004; Xu, Dai, & Liang 2005) but
never with more than 18 GRBs included (Nava et al. 2006). This paper includes 9 more

events (a 50% increase in the sample) mainly due to new bursts from Swift.

• several relations to measure DL(z) proposed
    Eiso-Epeak (Amati+2002)

      Lpeak-Epeak (Yonetoku+2004)

      Eγ-Epeak (Ghirlanda+2004)
      …

Schaefer 2007



Gravitational waves

h / M5/3
z

DL(z)
f2/3

ḟ / M5/3
z f11/3

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5

ðm1 þm2Þ1=5
¼ c3

G

!
5

96
π−8=3f−11=3 _f

"
3=5

;

where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-3

• direct measurements of DL(z) from inspiral 
compact binaries (standard siren)

Abbott+2016

strain

chirp mass frequency



Strongly lensed standardizable candle

z

mag

2.5 log μ

• direct measurement of magnification factor μ

• precious info that breaks various degeneracies



Breaking mass-sheet degeneracy

Strong lensing of explosive transients 7

When multiple images are observed, we can
constrain the lens mass distribution from positions and
flux ratios of multiple images. However, in most cases
these constraints are insu�cient to robustly constrain
the lens mass distribution, and we need additional
constraints. For instance, host galaxies of quasars
or any explosive transients are also expected to be
lensed into extended arcs, which may provide useful
additional constraints (e.g., [78]). Furthermore, the
velocity dispersion of the lensing galaxy, which can be
observed by deep spectroscopy of the lensing galaxy, is
sometimes used as additional constraints on the lens
mass distribution (e.g., [79]).

However, there is a fundamental di�culty in the
strong lensing analysis, which originates from various
degeneracies inherent to the lens equation. One such
example is the mass-sheet degeneracy [80], in which the
following transform is considered

�(✓) ! (1 � ext)�(✓) + ext
✓2

2
, (24)

� ! (1 � ext)�, (25)

where ext is constant. It is straightforward to see that
this transform keeps the lens equation (1) unchanged.
This transform corresponds to an operation that
rescales the mass of the lensing object and instead
inserts a constant mass sheet ext. Importantly, this
transform also changes time delays (13) between any
multiple image pairs as

�tij ! (1 � ext)�tij , (26)

which indicates that H0 estimated from observed time
delay should scales as H0 ! (1 � ext)H0. Therefore,
H0 measured from time delays is subject to the
uncertainty of ext that cannot be constrained from
strong lensing observations. As we will discuss later,
one way to break the degeneracy is to observe the
magnification factor µ, because the transform changes
µ as

µ ! (1 � ext)
�2µ. (27)

Note that this transform does not change the ratio of
magnification factors between multiple images.

This mass-sheet degeneracy implies other approx-
imate degeneracies. For instance, for a power-law mass
model with � / r� (� = 1 corresponds to an SIS pro-
file), the change of � around � = 1 can be approxi-
mated by the mass-sheet transform with 1�ext = 2��
(e.g., [81]), which implies that the Hubble constant
from time delays is sensitive to the radial slope of the
density profile of the lensing object, which is di�cult to
be constrained from strong lensing observations. Fur-
thermore, the mass-sheet transform is generalized to
the source-position transform [82, 83], which is essen-
tially a global mapping of the source plane that keeps

observed image positions unchanged. In order to mea-
sure H0 robustly from time delays, it is essential to
explore these degeneracies carefully, and to make use
of additional observational constraints that can break
these degeneracies.

2.3. Lensing rates

Strong lensing is a rare event that occurs only when
the light ray from a distant object passes through
high density regions such as centers of galaxies and
clusters. The chance probability of strong lensing
can be calculated as long as the density profile and
abundance of putative lensing objects are known. From
the density profile one can derive the lensing cross
section, i.e., the area on the sky within which strongly
lensed multiple images are produced, which is on the
order of ✓2Ein.

Historically, strong lensing probabilities are calcu-
lated assuming lensing by galaxies. For instance, the
detailed calculation in Turner et al. [84] indicates that
strong lensing events are dominated by those due to
field elliptical galaxies. They also show that strong
lensing probabilities are a steeply increasing function
of the source redshift. Calculations of strong lensing
probabilities have been improved partly due to im-
proved measurements of velocity dispersion functions
of galaxies in observations [13, 14,85–93].

It has been known that clusters of galaxies also
produce strong lensing. While individual clusters have
larger lensing cross sections than galaxies, clusters are
much less abundant than galaxies. Narayan and White
[94] discussed the image separation distribution in the
standard cold dark matter (CDM) cosmology to argue
that the contribution of clusters to the total strong
lensing probability is small but non-negligible. This
calculation has been updated following the improved
knowledge of the density profile and the abundance of
clusters [95–109].

As briefly mentioned in Section 2.1, N -body
simulations of the structure formation in the CDM
model have revealed that the density profile of dark
matter halos is universal and is well approximated by
the NFW profile [72, 73]. As shown in Figure 3, the
Einstein radius of the NFW profile is a steep function
of the halo mass such that it becomes too small for
galaxy-scale dark matter halos, Mvir . 1013M�, which
appears to contradict observations in which there are
many strong lens systems with ✓Ein ⇠ 100 due to
isolated galaxies.

This issue is resolved by taking proper account
of the baryonic component. Dissipative cooling of
gas makes the spatial distribution of stars much more
compact that that of dark matter. At the galaxy scale
this e↵ect is more e�cient such that the total density
profile of dark matter and the baryonic component
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Historically, strong lensing probabilities are calcu-
lated assuming lensing by galaxies. For instance, the
detailed calculation in Turner et al. [84] indicates that
strong lensing events are dominated by those due to
field elliptical galaxies. They also show that strong
lensing probabilities are a steeply increasing function
of the source redshift. Calculations of strong lensing
probabilities have been improved partly due to im-
proved measurements of velocity dispersion functions
of galaxies in observations [13, 14,85–93].

It has been known that clusters of galaxies also
produce strong lensing. While individual clusters have
larger lensing cross sections than galaxies, clusters are
much less abundant than galaxies. Narayan and White
[94] discussed the image separation distribution in the
standard cold dark matter (CDM) cosmology to argue
that the contribution of clusters to the total strong
lensing probability is small but non-negligible. This
calculation has been updated following the improved
knowledge of the density profile and the abundance of
clusters [95–109].

As briefly mentioned in Section 2.1, N -body
simulations of the structure formation in the CDM
model have revealed that the density profile of dark
matter halos is universal and is well approximated by
the NFW profile [72, 73]. As shown in Figure 3, the
Einstein radius of the NFW profile is a steep function
of the halo mass such that it becomes too small for
galaxy-scale dark matter halos, Mvir . 1013M�, which
appears to contradict observations in which there are
many strong lens systems with ✓Ein ⇠ 100 due to
isolated galaxies.

This issue is resolved by taking proper account
of the baryonic component. Dissipative cooling of
gas makes the spatial distribution of stars much more
compact that that of dark matter. At the galaxy scale
this e↵ect is more e�cient such that the total density
profile of dark matter and the baryonic component
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When multiple images are observed, we can
constrain the lens mass distribution from positions and
flux ratios of multiple images. However, in most cases
these constraints are insu�cient to robustly constrain
the lens mass distribution, and we need additional
constraints. For instance, host galaxies of quasars
or any explosive transients are also expected to be
lensed into extended arcs, which may provide useful
additional constraints (e.g., [78]). Furthermore, the
velocity dispersion of the lensing galaxy, which can be
observed by deep spectroscopy of the lensing galaxy, is
sometimes used as additional constraints on the lens
mass distribution (e.g., [79]).

However, there is a fundamental di�culty in the
strong lensing analysis, which originates from various
degeneracies inherent to the lens equation. One such
example is the mass-sheet degeneracy [80], in which the
following transform is considered

�(✓) ! (1 � ext)�(✓) + ext
✓2

2
, (24)

� ! (1 � ext)�, (25)

where ext is constant. It is straightforward to see that
this transform keeps the lens equation (1) unchanged.
This transform corresponds to an operation that
rescales the mass of the lensing object and instead
inserts a constant mass sheet ext. Importantly, this
transform also changes time delays (13) between any
multiple image pairs as

�tij ! (1 � ext)�tij , (26)

which indicates that H0 estimated from observed time
delay should scales as H0 ! (1 � ext)H0. Therefore,
H0 measured from time delays is subject to the
uncertainty of ext that cannot be constrained from
strong lensing observations. As we will discuss later,
one way to break the degeneracy is to observe the
magnification factor µ, because the transform changes
µ as

µ ! (1 � ext)
�2µ. (27)

Note that this transform does not change the ratio of
magnification factors between multiple images.

This mass-sheet degeneracy implies other approx-
imate degeneracies. For instance, for a power-law mass
model with � / r� (� = 1 corresponds to an SIS pro-
file), the change of � around � = 1 can be approxi-
mated by the mass-sheet transform with 1�ext = 2��
(e.g., [81]), which implies that the Hubble constant
from time delays is sensitive to the radial slope of the
density profile of the lensing object, which is di�cult to
be constrained from strong lensing observations. Fur-
thermore, the mass-sheet transform is generalized to
the source-position transform [82, 83], which is essen-
tially a global mapping of the source plane that keeps

observed image positions unchanged. In order to mea-
sure H0 robustly from time delays, it is essential to
explore these degeneracies carefully, and to make use
of additional observational constraints that can break
these degeneracies.

2.3. Lensing rates

Strong lensing is a rare event that occurs only when
the light ray from a distant object passes through
high density regions such as centers of galaxies and
clusters. The chance probability of strong lensing
can be calculated as long as the density profile and
abundance of putative lensing objects are known. From
the density profile one can derive the lensing cross
section, i.e., the area on the sky within which strongly
lensed multiple images are produced, which is on the
order of ✓2Ein.

Historically, strong lensing probabilities are calcu-
lated assuming lensing by galaxies. For instance, the
detailed calculation in Turner et al. [84] indicates that
strong lensing events are dominated by those due to
field elliptical galaxies. They also show that strong
lensing probabilities are a steeply increasing function
of the source redshift. Calculations of strong lensing
probabilities have been improved partly due to im-
proved measurements of velocity dispersion functions
of galaxies in observations [13, 14,85–93].

It has been known that clusters of galaxies also
produce strong lensing. While individual clusters have
larger lensing cross sections than galaxies, clusters are
much less abundant than galaxies. Narayan and White
[94] discussed the image separation distribution in the
standard cold dark matter (CDM) cosmology to argue
that the contribution of clusters to the total strong
lensing probability is small but non-negligible. This
calculation has been updated following the improved
knowledge of the density profile and the abundance of
clusters [95–109].

As briefly mentioned in Section 2.1, N -body
simulations of the structure formation in the CDM
model have revealed that the density profile of dark
matter halos is universal and is well approximated by
the NFW profile [72, 73]. As shown in Figure 3, the
Einstein radius of the NFW profile is a steep function
of the halo mass such that it becomes too small for
galaxy-scale dark matter halos, Mvir . 1013M�, which
appears to contradict observations in which there are
many strong lens systems with ✓Ein ⇠ 100 due to
isolated galaxies.

This issue is resolved by taking proper account
of the baryonic component. Dissipative cooling of
gas makes the spatial distribution of stars much more
compact that that of dark matter. At the galaxy scale
this e↵ect is more e�cient such that the total density
profile of dark matter and the baryonic component
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• mathematically exact degeneracy, 
image positions unchanged

• measurement of μ breaks 
this degeneracy

source position

lens potential

Kolatt & Bartelmann MNRAS 296(1998)763 



Breaking slope-H0 degeneracy
MO & Kawano MNRAS 338(2003)L25 

Gravitational lens time delays for distant supernovae L3

Figure 1. Constraints on the radial mass profile β (eq. [7]) and
the Hubble constant h. The contours of ∆χ2 = χ2 − χ2

min in the
β-h plane are calculated from one quadruple lens event. Crosses
indicate the assumed value in generating observable quantities;
(β, h) = (1.0, 0.5). Upper panel: image positions xi, differential
time delays ∆tij , and magnification ratios rij are used to calcu-
late χ2. Lower panel: instead of rij , magnification factors µi are
used to calculate χ2. Dotted lines are same as solid lines, but in
this case additional non-Gaussian errors due to microlensing are
also included.

σlog µi
= 0.12. (12)

The precisions in positions and time delays are consistent
with 0.1 pixel of the instrument and estimated accuracy for
SNe Ia lightcurves in SNAP survey, respectively (Goobar
et al. 2002). The dispersion of magnification ratio, which
roughly corresponds to ∼ 20% fractional error, is a fidu-
cial error often assumed in χ2 minimization (e.g., Kochanek
2002a). We assume that the dispersion of the magnification
factor is somewhat larger than this, roughly corresponds to
∼ 30% fractional error, because not only substructure in the
lens galaxy (Mao & Schneider 1998) but also the intrinsic
dispersion of SNe Ia peak magnitudes contribute to σlog µi

.
Other possible source of the dispersion is dust extinction in
the lens galaxy. However, the effect of dust extinction can be
corrected from the observed reddening because of knowledge
of an SN Ia’s intrinsic color (e.g., Riess et al. 1996).

After the virtual “observational data” is generated, we
perform χ2 minimization using the same lens model. At that
time, we fix values of β and h, and optimize the other pa-
rameters such as ai, bi, γ, and the source position. Faint
core images which may appear when β > 1 are always ne-

Figure 2. Same as Figure 1, but from five quadruple lens events.

glected. In calculating χ2, we consider following two cases:
(1) Only the magnification ratio r is measured. This case
corresponds to traditional quasar lensing. (2) The magnifi-
cation factor is directly measured. This is the case of SN
Ia lensing we are interested in. For each case, we calculate
the contour of ∆χ2 = χ2 − χ2

min in the β-h plane. Figure 1
plots constraints on β and h from one quadruple lens event.
This figure clearly shows that in the case of SN Ia lens-
ing β and h are well constrained separately. It is surprising
that the Hubble constant is determined with ∼ 10% accu-
racy (68% confidence) from only one lens system. On the
other hand, when magnification factors are not used, β and
h are poorly determined; they show the strong degeneracy
h ∝ 2− β. We note that in practice constraints from quasar
lensing may be worse than our result using magnification ra-
tios, because the error of time delays is usually much larger
than our assumption (eq. [10]). Figure 2 shows constraints
from five quadruple lens events. In generating observables
for each event, the position of the source is changed while
the lens model is always fixed. In this figure, the Hubble con-
stant h is determined with ∼ 5% accuracy (68% confidence)
when magnification factors are used, while the accuracy is
still ∼ 20% (68% confidence) when magnification ratios are
used. We also examine the case that lens galaxies have dif-
ferent values of β, and the result is shown in Figure 3. In this
plot, we assume that five lens systems have different radial
mass profiles; β = 0.8, 0.9, 1.0, 1.1, and 1.2, respectively.
This figure clearly indicates that the magnification factor
is quite useful to constrain the Hubble constant even if the
scatter of β is taken into account. The contour is slightly

c⃝ 2002 RAS, MNRAS 000, L1–L5
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Advantages?

• simple and fast light curves

• standardizable candles

• wave effect?



Wave optics effect

• in most cases, we can safely assume geometric 
optics for calculating lensing effects

• geometric optics is λ→0 limit approximation 
of wave optics that is more fundamental

• wave optics effect can play an important role 
in some cases

e.g., Schneider+1992; Nakamura & Deguchi 1999



Wave vs. geometric optics

sourcelensobserver

ψ ∝ ∫ d2θ e2πifΔt(θ)

arrival time Δt(𝛉)

wave optics

geometric optics ∇θΔt(θ) = 0 (Fermat’s principle)



Wave effect: Diffraction

sourcelensobserver

  Rlens
~GMEin/c2

wavelength λ

• when λ ≫ Rlens wave propagation is not affected 
by the lens

• no magnification, µ ~ 1



Wave effect: Interference

sourcelensobserver

  Rlens
~GMEin/c2

wavelength λ

• when λ ≲ Rlens multiple light ray paths interfere

• magnification oscillates as a function of source 
position and wavelength

interference



Magnification in wave optics
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Figure 5. The magnification factor for a point mass lens in wave
optics, which is computed from equation (43), as a function of
the source position. Here we fix �

2

/✓
Ein

= 0.15 and change �
1

to see how the magnification factor change as a a function of
the source position, for w = 0.1 (dash-dotted magenta), 1 (thick
solid red), and 10 (dashed blue), where w is the dimensionless
parameter defined by equation (44). The magnification factor
for the geometric optics case is shown by the thin solid gray line.

observed, it provides a direct evidence of the wave
e↵ect in action. As mentioned above, however, the
wave e↵ect may be suppressed due to the finite source
size (e.g., [137]). Here we discuss the finite source
size e↵ect using equation (42), from which it is found
that the oscillating behavior comes from w�. For rea-
sonably small �, equations (22) and (23) imply that
� ⇠ (✓̂j � ✓̂i) ⇠ �̂ = �/✓Ein. Therefore the width of
interference oscillations in the source plane is on the
order of ✓Ein/w. In order for the interference pattern
to be observed, the source size in the angular unit,
�s = Rs/Dos, should satisfy �s . ✓Ein/w.‡ This condi-
tion yields

Rs .
Dos✓Ein

w
. (49)

In the case of the point mass lens, this condition is
expressed as

Rs . 2.24 ⇥ 1015 km

✓
1 + zl
1.5

◆�1

⇥
✓

M

M�

◆�1/2 ✓ f

Hz

◆�1 ✓DosDls/Dol

0.949Gpc

◆1/2

, (50)

where distances are normalized to values at the lens
redshift zl = 0.5 and the source redshift zs = 1.0.

To summarize, the wave e↵ect suppresses the
gravitational lensing magnification when w . 1 due

‡ Near the fold caustic, the time delay between merging image
pairs scales as �t / �3/2, where � here is the distance from
the caustic. Therefore, in this situation this condition should be
modified as (�

s

/✓
Ein

)3/2 . 1/w.

to the di↵raction, where w is defined in equation (35).
On the other hand, when w & 1, the gravitational
lensing magnification exhibits oscillating behavior as a
function of the source position or the wave frequency,
which can be observed only when the source size Rs

satisfies the condition given by equation (49). We will
discuss specific examples in Section 4.4.

3. Explosive transients

3.1. Supernovae

A supernova is an explosion associated with the death
of a star. Observations of supernovae have a long
history, for example some supernovae took place in the
Milky Way were observed even in the naked eye and
were recorded in the literature. Here we provide a brief
overview of supernovae. Interested readers are referred
to reviews (e.g., [138]) and textbooks (e.g., [139]) for
more details.

Observationally there is a great deal of diversity
in properties of supernovae, including their light curves
and spectral features. First, supernovae are classified
based on the presence or absence of hydrogen lines.
Supernovae without hydrogen lines are classified as
Type I, whereas those with hydrogen lines are classified
as Type II. Type I supernovae are further divided
into subclasses based on the presence or absence of a
singly ionized silicon line (SiII) such that those with the
strong silicon line are Type Ia and those with the weak
or no silicon line are Type Ib/c. Type II supernovae
are also classified into e.g., Type IIP, IIL, and IIn,
depending on their shapes of the light curves and/or
the presence of absence of narrow line features in their
spectra.

We can classify supernovae on more physical basis,
depending on their explosion mechanisms. Type Ia
supernovae are thought to be thermonuclear explosions
of white dwarfs near the Chandrasekhar mass, ⇡
1.4M�. The explosion of a white dwarf is triggered by
the matter accretion from a companion star. There is a
long controversy whether the companion star is a non-
degenerate star such as a red giant or a main sequence
star (single degenerate scenario) or the companion star
is also a white dwarf i.e., a Type Ia supernova is
trigger by the merger of two white dwarfs (double
degenerate scenario). See e.g., a review by Maoz et
al. [140] for more details on this topic. On the other
hand, both Type Ib/c and Type II supernovae are
thought to be produced by the core collapse of massive
stars. There are several possible mechanisms to trigger
the explosion, including the development of an iron
core that exceeds the Chandrasekhar and leads to the
collapse and bounce of the core. After the bounce the
outgoing shock is heated by neutrino emitted from the
core, which is thought to be a key ingredient for the

w ∼
Rlens

λ

• parameter w 
controls wave effect

• diffraction    
at w ≪ 1

• interference 
at w ≳ 1
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Figure 11. The relation between the frequency f and
the (redshifted) mass (1 + z

l

)M of a point mass lens for
the dimensionless parameter w = 1, where w is defined in
equation (44). The region below the solid line corresponds to the
case that the gravitational lensing magnification is significantly
suppressed due to the wave e↵ect i.e., the di↵raction.

e↵ects introduced in Section 2.4 and discuss them more
quantitatively.

First, an important parameter that controls the
wave e↵ect is the dimensionless parameter w defined in
equation (44). When w < 1, the di↵raction originating
from the wave optics becomes so e↵ective that the
gravitational lensing magnification is highly suppressed
i.e., µ ⇠ 1 irrespective of the impact parameter. In
Figure 11, we show the relation between the frequency
f and the (redshifted) lens mass (1+ zl)M that satisfy
w = 1 for the case of a point mass lens. We note that
the similar relation hold for other lens mass models,
once M is replaced to the enclosed mass within the
Einstein radius (see equation 36). The region below the
line in Figure 11 corresponds to w < 1, and hence to
the di↵raction. Figure 11 clearly demonstrates that the
wave e↵ect is particularly important for gravitational
waves.

As discussed in Section 2.4, in order for the
interference pattern due to the wave e↵ect to be
observed, the source must be su�ciently compact.
This condition (equation 49) is given as w . 1/�̂s,
where �̂s = Rs/(Dos✓Ein) is the source size R

s

normalized by the Einstein radius. We illustrate
this condition in Figure 12. The region above the
line w = 1/�̂s corresponds to the situation where
the interference pattern due to the wave e↵ect may
be observed. We note that this is just a necessity
condition, and in order for the interference pattern
to be observe other conditions such as the frequency
band should also be met [134]. We also note that in
regions with w < 1 and 1/�̂s < 1 the gravitational

10�2 10�1 100 101 102 103 104 105

w

10�2

10�1

100

101

102

103

104

105

1/
�̂

s
=

D
os
� E

in
/R

s

no lensing due to
finite source size

no lensing
due to
di�raction wave optics

geometric opticsdi�
eren

t M

di�
eren

t M

Figure 12. The schematic illustration of regions relevant for
geometric optics and wave optics. The solid line shows w = 1/�̂

s

,

where w is defined in equation (44) and �̂
s

= R
s

/(D
os

✓
Ein

) is the
source size normalized by the Einstein radius. The region above
the solid line corresponds to the situation where the interference
pattern due to the wave e↵ect may be observed, whereas the
region below the solid line corresponds to the situation that the
geometric optics approximation is relevant. The shaded regions
show w < 1 and 1/�̂

s

< 1, for which the gravitational lensing
magnification is significantly suppressed due to the di↵raction
and the finite source size e↵ect, respectively. The dotted lines
show the direction along which parameter values change by
changing the lens mass M .

lensing magnification is significantly suppressed due
to the di↵raction and the finite source size e↵ect,
respectively. Therefore in these regions we do not
observe any gravitational lensing e↵ect.

Figure 12 has several important implications.
Since w and 1/�̂s depend on the mass M of a point
mass lens as w / M and 1/�̂s / p

M , respectively,
parameter values change along the direction indicated
by the dotted lines. This indicates that in the limit
M ! 1 the parameter values always fall in the
geometric optics region, which is one of the reasons why
the geometric optics approximation is valid in most
astronomical situations. Figure 12 also suggests that
the interference pattern due to the wave e↵ect may be
observed only when 1/�̂s > 1 at w = 1, as in the case of
the upper dotted line in Figure 12. In contrast, in the
case of the lower dotted line in Figure 12, the geometric
optics approximation is valid in all the parameter range
of interest. From equations (44) and (50), the necessity
condition that the interference pattern is observed for
some lens masses is written as

Rs . 3.05 ⇥ 1013 km

✓
1 + zl
1.5

◆�1/2 ✓ f

Hz

◆�1/2

⇥
✓
DosDls/Dol

0.949Gpc

◆1/2

, (58)
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Figure 13. Sizes and observed frequency of various explosive
transients (see also Table 1). The shaded region in the upper
right corner does not satisfy the condition given by equation (58),
which means that the wave e↵ect is never observed in this
region irrespective of the lens mass. We note that the boundary
depends on redshifts, and in this example we assume z

l

= 0.5
and z

s

= 1.0.

where distances are again normalized to values at the
lens redshift zl = 0.5 and the source redshift zs = 1.0.

We can check whether the condition given by
equation (58) is satisfied for explosive transients
summarized in Table 1. The result summarized in
Figure 13 suggests that gravitational waves indeed
satisfy the condition, and therefore are ideal site to
search for the wave e↵ect in strong lensing. Based
on the current understanding of their sizes, gamma-
ray bursts do not satisfy the condition, and therefore
the so-called femtolensing does not occur e�ciently.
Another interesting target to search for the wave e↵ect
in strong lensing is fast radio bursts for which sizes
are poorly constrained. If the size of fast radio bursts
is su�ciently compact, we may be able to detect the
interference pattern in strong lensing of fast radio
bursts for lens masses of M & 10�5 M� [285,288,294].

4.5. Structure of dark matter and galaxies

Normal lensing objects such as galaxies and clusters
consist of both dark and luminous matter. Precise
measurements of the dark matter distribution in
galaxies and clusters serve as an important test of
dark matter scenario as well as galaxy formation
models. Gravitational lensing is unique in that it
probes the total mass of the lensing galaxy robustly.
While distributions of dark matter and baryon in
lensing objects have been studied in detail using lensed
galaxies and quasars (e.g., [63, 64] for reviews), strong
lensing of explosive transients can shed new light on
these applications.

For instance, strong lensing of various transients
can be discovered by monitoring massive clusters
of galaxies, which are known to be e�cient lenses.
Time delays obtained from measurements of multiple
images of explosive transients break degeneracies
in mass models reconstructed from multiple image
positions of strongly lensed galaxies [295]. In
Section 5.1.3, we present a specific example of this
application in the case of a strongly lensed core-
collapse supernova. If the background sources are
standardizable candles such as Type Ia supernovae,
we can directly measure magnification factors that
break the mass-sheet degeneracy [296], as is clear from
equation (27), and other mass model degeneracies.
This application is possible even when background
sources are not multiply imaged (e.g., [297–299]).

Strong lensing allows us to probe the small-scale
structure of the dark matter distribution. In the
standard CDM model, the dark matter distribution in
galaxies and clusters is predicted to be lumpy rather
than smooth. In the CDM model, the mass function
of such substructures extends to very small masses in
which no star is formed. The detection of very small
mass substructures in observations therefore serves as
a critical test of the CDM model.

Substructures can be detected by strong lensing
via flux ratios between multiple images [300]. This
is because substructures can a↵ect the magnification
of one of multiple images to produce anomalous
flux ratios that cannot be reproduced by mass
models assuming smooth mass distributions. However,
lensing by substructures should be distinguished from
microlensing by stars in lensing galaxies, because
microlensing also changes flux ratios between multiple
images. One way to overcome this issue is to use
sources whose sizes are su�ciently large so that
they are insensitive to microlensing (see Figure 10).
Gravitational lensing of gravitational waves o↵ers an
alternative approach, as it is insensitive to microlensing
due to the wave e↵ect as discussed in Section 4.2.

In addition to flux ratios, substructures a↵ect time
delays between multiple images as well, particularly
for time delays between multiple images with small
angular separations, such as merging image pair near
the critical curve [46, 301]. However, time delays
between such merging pair tend to be small and hence
their precise measurements have been di�cult for
quasar lenses. Strong lensing of explosive transients, on
the other hand, can improve time delay measurements
significantly due to the short time scale of their light
curves, leading to much more accurate estimates of the
e↵ect of substructures on time delays. This point was
discussed in [302] for strong lensing of gravitational
waves.

Finally, using gravitational waves we may be able
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Can we observe wave effect?
• gravitational waves (LIGO band)
    point mass lens w/ Mlens ~102 M⨀ (Nakamura 1998)

    subhalo lensing w/ MEin ~102 M⨀ (Dai+2018)

    microlensing in high µ region (Diego+2019)

• gravitational waves (LISA band)
    galaxy lens w/ MEin~107 M⨀ (Takahashi+2003)

• fast radio bursts
    point mass lens w/ Mlens ≳10-5 M⨀ (Zheng+2004)



Can we observe wave effect?
• gravitational waves (LIGO band)
    point mass lens w/ Mlens ~103 M⨀ (Nakamura 1998)

    subhalo lensing (Dai+2018)

    microlensing in high µ region (Diego+2019)

• gravitational waves (LISA band)
    galaxy lens w/ MEin~107 M⨀ (Takahashi+2003)

• fast radio bursts
   point mass lens w/ Mlens ≳10-5 M⨀ (Zheng+2004)
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FIG. 3. Frequency distribution of the signal-to-noise ratio for
some values of the source position y in units of the Einstein
radius and the redshifted lens mass M̂, with h ≠ 0.7, Q ≠ 1.6,
M ≠ 1.2MØ, and z ≠ 0.1. Shown in thick curve is the
unlensed “universal” distribution.

Although our results are negative in that the event rate
would not significantly increase even with the lensing
magnification, in closing let us predict a possible observ-
able effect from diffraction. For unlensed waveforms in
the Newtonian formula [Eq. (7)], plots of the maximum
SN rm versus the sweeping-up frequency fm have uni-
versal shape irrespective of individual binaries. In fact,
this fm-rm relation is observable if we filter the observed
signal with the function wstd ≠ 2fmj0s2pfmtd, though
the error bar is likely to be very large. On the other hand,
lensed waveforms should yield deviation from the univer-
sal curve because the magnification factor [Eq. (3)] de-
pends on the frequency. We plot in Fig. 3 the frequency
distribution of SN, sdr2

mfhLgyd ln fmd1y2, versus fm for
some values of the source position y and the lens mass
M̂. Detection of large deviations from the unlensed uni-
versal curve, in particular, the oscillatory behavior like
those in Fig. 3, is suspected as a signature of gravitational
lensing. Though the frequency of the detection of such
events is too low to discuss any statistical properties of
lensing objects, a single discovery of one such phenome-

non—diffraction of gravitational waves—itself is physi-
cally very interesting.
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Future detectability?

• supernova (SN)
   PS1-10afx, SN Refsdal, iPTF16geu 

• gamma-ray burst (GRB)
   not yet

• fast radio burst (FRB)
   not yet

• gravitational wave (GW)
   not yet



Strong lensing probability
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Psl(zs)
• steep function of 

redshift at low-z

• to observe strong 
lensing events:

  reach out to z~O(1)

  detect O(103) events

• GRB, FRB, GW 
satisfy these criteria 
in near future



Properties of first SN lens events
name

PS1-10afx
SN Refsdal
iPTF16geu

redshift
1.388
1.49
0.409

µtot

~31
~74
~52

θmax

<0.4″
32″

~0.6″

discovery
survey

targeted
survey

• galaxy-scale lenses for those discovered in 
wide-field surveys

• magnifications tend to be high, µtot ≳ 30



Selection effect
• at low-z, strong lensing probability is a steep 

function of redshift

• higher chance of observing highly magnified 
high-z events than moderately magnified 
low-z events

• therefore, in shallow surveys (zlim ≲ 1),   
we tend to observe highly magnified strong 
lens events 

 (→ first discoveries of lensed FRB, GW?)



Example: lensed GWs
MO MNRAS 480(2018)3842 
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Figure 13. Distributions of time delays and magnifications for pairs of multiple images from the mock strong lens catalogues. As in Fig. 12, we plot mock
data of the Pop-I/II model from 3000 years and 1 year observations for advanced LIGO (left) and Cosmic Explorer (right), respectively. The upper panels show
time delays and magnifications of leading (filled circles) and trailing (crosses) images for any image pairs in the mock catalogues. The bottom panels show
time delays and ratios of magnifications of leading and trailing images.

Table 2. Summary of predicted event rates for various observatories and models of binary BH mergers. Robs denotes the total number of observed events
per year, Rsl is the total number of strongly lensed events per year, ⟨µsl⟩ is the median magnification of strongly lensed events, Rpair is the total number of
observed multiple image pairs per year, !t is the median time delay of the observed multiple image pairs, and ⟨µleading/µtrailing⟩ is the median value of the
ratio of magnifications of leading and trailing images of the observed multiple image pairs. Values of ⟨µsl⟩, Rpair, !t, and ⟨µleading/µtrailing⟩ are derived from
the strong lens mock catalogues (see Section 5.2). Values in parentheses for ⟨µsl⟩, !t, and ⟨µleading/µtrailing⟩ denote 68% ranges, again derived from the strong
lens mock catalogues. For aLIGO/Pop-III (B17) and KAGRA/Pop-III (B17), we fail to construct mock lens catalogues because they predict too low strong
lens event rates.

observatory/model Robs [yr−1] Rsl [yr−1] ⟨µsl⟩ Rpair [yr−1] !t [day] ⟨µleading/µtrailing⟩

aLIGO/Pop-I/II 1.14e+03 5.84e−01 14.35 (3.39–72.71) 7.77e−02 0.006 (0.000–0.739) 1.00 (0.61–1.23)
aLIGO/Pop-III (B17) 2.00e−01 6.21e−05 — — — —
aLIGO/Pop-III (K16) 1.68e+02 3.89e−02 6.32 (2.50–27.97) 3.33e−03 0.433 (0.013–2.906) 1.22 (0.82–1.37)
aLIGO/PBH 4.75e+02 1.35e−01 6.89 (2.40–32.84) 1.43e−02 0.124 (0.002–2.853) 0.92 (0.48–1.54)
KAGRA/Pop-I/II 6.84e+02 1.69e−01 17.49 (3.30–105.11) 2.37e−02 0.002 (0.000–0.090) 1.00 (0.52–1.19)
KAGRA/Pop-III (B17) 5.58e−02 3.81e−06 — — — —
KAGRA/Pop-III (K16) 4.59e+01 3.10e−03 7.65 (2.51–83.11) 6.67e−04 0.005 (0.002–0.008) 1.01 (1.00–1.01)
KAGRA/PBH 1.93e+02 2.00e−02 7.27 (2.65–45.64) 3.33e−03 0.546 (0.139–1.081) 1.05 (0.81–1.79)
ET/Pop-I/II 5.54e+05 1.12e+03 2.10 (0.88–3.55) 4.56e+02 13.741 (1.184–83.138) 2.36 (0.91–6.75)
ET/Pop-III (B17) 5.96e+03 7.38e+01 2.41 (1.70–4.32) 1.50e+01 16.518 (0.736–79.897) 1.95 (0.70–5.10)
ET/Pop-III (K16) 1.13e+05 4.86e+02 2.10 (0.83–3.40) 1.74e+02 15.094 (1.328–96.548) 2.61 (0.93–6.91)
ET/PBH 2.27e+05 1.18e+03 2.25 (1.36–3.93) 3.55e+02 12.942 (1.042–80.279) 2.06 (0.80–5.60)
CE/Pop-I/II 7.31e+05 1.60e+03 1.88 (0.38–3.09) 8.36e+02 20.600 (2.318–113.044) 3.64 (1.24–11.20)
CE/Pop-III (B17) 1.54e+03 1.51e+01 2.44 (1.88–3.98) 2.60e+00 8.266 (0.501–208.184) 3.02 (1.02–6.55)
CE/Pop-III (K16) 9.96e+04 3.96e+02 2.07 (0.60–3.64) 1.82e+02 21.283 (1.444–107.229) 2.90 (0.92–8.78)
CE/PBH 2.47e+05 1.07e+03 2.05 (0.71–3.49) 4.63e+02 18.806 (1.290–108.130) 2.68 (1.01–8.18)
B-DECIGO/Pop-I/II 2.02e+05 4.71e+02 2.36 (1.63–4.19) 9.98e+01 8.252 (0.595–56.830) 1.70 (0.78–4.65)
B-DECIGO/Pop-III (B17) 5.96e+03 9.20e+01 2.50 (1.76–4.84) 1.92e+01 3.430 (0.188–21.441) 1.23 (0.50–2.82)
B-DECIGO/Pop-III (K16) 7.66e+04 3.86e+02 2.27 (1.47–3.94) 1.22e+02 14.577 (1.060–86.073) 1.88 (0.78–4.78)
B-DECIGO/PBH 1.31e+05 1.41e+03 2.63 (1.81–5.43) 2.70e+02 4.965 (0.264–50.640) 1.29 (0.57–3.29)

tail of the distribution at high Mobs is due to highly magnified strong
lens events, which has been recognized in previous work (Dai et al.
2017; Broadhurst et al. 2018; Smith et al. 2018). We have found
that highly demagnified images of strong lensing events also pro-
duce a heavy tail of the distribution at high zobs, which can be easily
detected in future gravitational wave observatories. It has been ar-

gued that the presence or absence of very high redshift BH merger
events provide an important clue for discriminating various binary
BH formation models (Nakamura et al. 2016; Koushiappas & Loeb
2017), but our work demonstrates that the effect of gravitational
lensing has to be taken into account carefully in order to properly
interpret apparently very high redshift events.
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Figure 13. Distributions of time delays and magnifications for pairs of multiple images from the mock strong lens catalogues. As in Fig. 12, we plot mock
data of the Pop-I/II model from 3000 years and 1 year observations for advanced LIGO (left) and Cosmic Explorer (right), respectively. The upper panels show
time delays and magnifications of leading (filled circles) and trailing (crosses) images for any image pairs in the mock catalogues. The bottom panels show
time delays and ratios of magnifications of leading and trailing images.

Table 2. Summary of predicted event rates for various observatories and models of binary BH mergers. Robs denotes the total number of observed events
per year, Rsl is the total number of strongly lensed events per year, ⟨µsl⟩ is the median magnification of strongly lensed events, Rpair is the total number of
observed multiple image pairs per year, !t is the median time delay of the observed multiple image pairs, and ⟨µleading/µtrailing⟩ is the median value of the
ratio of magnifications of leading and trailing images of the observed multiple image pairs. Values of ⟨µsl⟩, Rpair, !t, and ⟨µleading/µtrailing⟩ are derived from
the strong lens mock catalogues (see Section 5.2). Values in parentheses for ⟨µsl⟩, !t, and ⟨µleading/µtrailing⟩ denote 68% ranges, again derived from the strong
lens mock catalogues. For aLIGO/Pop-III (B17) and KAGRA/Pop-III (B17), we fail to construct mock lens catalogues because they predict too low strong
lens event rates.
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KAGRA/Pop-III (B17) 5.58e−02 3.81e−06 — — — —
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lens events, which has been recognized in previous work (Dai et al.
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that highly demagnified images of strong lensing events also pro-
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• advanced LIGO         
highly magnified pair 
events with Δt ≲ 1day

• Cosmic Explorer         
pairs with modest µ 
and Δt ~ 10-100 days



Summary
• strong lensing of explosive transients 

is next frontier!
   − very accurate Δt for better constraints   
      on cosmology and small-scale structure
   − make use of standardizable candle nature
 

   − possibility of observing wave effect 

• first discoveries coming soon

• for more details, see arXiv:1907.06830


